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A Quadratic Penalty Method for Nonconvex Stochastic

Constrained Optimization

Lingjun Guo

1 Introduction, notations and algorithm

1.1 Introduction

Consider an equality- and inequality-constrained problem with m ∈ N constraints. Let the
set E ⊆ [m] be the index set for equality constraints, and the set I ⊆ [m] be the index set
for the inequality constraints. Suppose E ∩ I = ∅ and E ∪ I = [m]. We aim to solve the
following problem

min
x∈Rn

f(x) = Eξf [f(x, ξ
f )]

s.t. ci(x) = Eξc [ci(x, ξ
c)] = 0 for all i ∈ E , and

cj(x) = Eξc [cj(x, ξ
c)] ≤ 0 for all j ∈ I.

(1)

By stacking the scalar functions ci for all i ∈ [m] together, one obtains a vector function
c : Rn → Rm where its ith element [c]i = ci. Suppose the functions f : Rn → R and
c : Rn → Rm are smooth functions with Lipchitz continuous gradient. Samples (ξf , ξc)
are draw from two σ-algebra Ξf and Ξc, equipped with probability measures, respectively.
Moreover, define a function P : Rm → Rm where its ith element, for all i ∈ [m], is defined
by

[P(c)]i =

{
[c]i , if i ∈ E
max{0, [c]i} , if i ∈ I.

(2)

For any constant ρ ∈ R, the quadratic merit function at x ∈ Rn is defined as

mρ(x) := f(x) +
ρ

2
∥P(c(x))∥2.

For i ∈ E , from the definition in (2) and the chain rule, one has the derivative

d([P(c(x))]i)
2

dx = d([c]i)
2

dx = 2(∇[c(x)]i)[c(x)]i.

2



For j ∈ I, from the chain rule and the fact that
d(max{0,[c]j})2

d[c]j

∣∣
[c]j=0

= 0, one has

d([P(c(x))]j)
2

dx =
d(max{0,[c]j})2

dx =

{
0n , if [c(x)]j ≤ 0,

2(∇[c(x)]j)[c(x)]j , if [c(x)]j > 0.

As a result, one has the derivative of the function P(c) with respect to x to be

∇(∥P(c(x))∥2) = ∇(
∑
i∈[m]

∥[P(c(x))]i∥2)

=
∑
i∈E

∇(∥[P(c(x))]i∥2) +
∑
j∈I

∇(∥[P(c(x))]j∥2)

=
∑
i∈E

2(∇[c(x)]i)[c(x)]i +
∑

j∈I,[c(x)]j>0

2(∇[c(x)]j)[c(x)]j

= 2∇c(x)TP(c(x)).

Hence, the gradient of ∇mρ at x is

∇mρ(x) = ∇f(x) + ρ∇c(x)TP(c(x)).

Given scalars (rη, rρ, rω) ∈ R≥0 × R≥0 × R, scalars (η1, ρ1, ω1) ∈ R3
>0, and define

sequences {ηk}k∈N , {ρk}k∈N , {ωk+1}k∈N as

ηk = η1k
−rη , ρk = ρ1k

rρ and ωk+1 = ω1k
rω . (3)

Definition 1. Let xξx ∈ Rn be a random variable depending on ξx. Then xξx is called
an ϵ-stochastic-stationary point of the constrained problem (1), if there exits a random
variable λξλ ∈ Rm such that

E(ξx,ξλ)[∥∇f(xξx) +∇c(xξx)
Tλξλ∥+ ∥P(c(xξx))∥+ ∥λT

ξλ
P(c(xξx))∥] ≤ ϵ. (4)

1.2 Algorithm and Notations

An algorithm for solving (1) is given below.
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Algorithm 1 Partial Variance Reduced Penalty Method for (1).

Input: initial point x1, maximum iteration K, sequences {ρk, ηk, ωk}k∈N given in (3).

1: Draw samples S1 = (ξf1 , ξ
J
1 , ξ

c
1). Let C1 = c(x1, ξ

c
1) and compute

d1 = ∇f(x1, ξ
f
1 ) + ρ1[∇c(x1, ξ

J
1 )]

TP(C1).

2: for k = 1, · · · ,K − 1 do
3: Compute xk+1 = xk − ηkdk.
4: Draw samples Sk+1 = (ξfk+1, ξ

J
k+1, ξ

c
k+1).

5: Compute

Ck+1 = c(xk+1, ξ
c
k+1) + (1− ωk+1)(Ck − c(xk, ξ

c
k+1))

6: Compute dk+1 = ∇f(xk+1, ξ
f
k+1) + ρk+1[∇c(xk+1, ξ

J
k+1)]

TP(Ck+1).
7: end for

Output: xK̂ where K̂ is uniformly random from {1, · · · ,K}.

Notations: Let N be the set of natural numbers. For any m ∈ N, define the set [m] =
{1, · · · ,m}. For any scalar pair (m,n) ∈ N2, let Rn represents a n-dimensional vector space
and Rn×m represents a n-by-m-dimensional matrix space. Define R>0 = {x ∈ R : x > 0}
and define the set R≥0 in a similar way. Define 0m ∈ Rm be a m-dimential zero vector. For
any m-dimensional vector v, let [v]j represents the jth element of v for any j ∈ [m]. We let
∥ · ∥ denote the vector/matrix two-norm on finite vector/matrix spaces, respectively. For
any x ∈ R, we let |x| represent the absolute value of x. For a vector function c : Rn → Rm,
define the Jacobian of c to be the function ∇c : Rn → Rm×n. For any k ∈ N, we define the
set Sk = {ξfk , ξ

J
k , ξ

c
k} ∈ Ξf × Ξc × Ξc to be the set of samples drawn at the kth iteration.

Define the set [Sk] = ∪k
l=1Sl to be the total samples drawn up to (and including) the

kth iteration. For any two nonnegative sequences {µk}k∈N ⊆ R≥0 and {νk}k∈N ⊆ R≥0,
we say µk = O(νk) if there exists a scalar pair (K,M) ∈ N × R>0 such that µk ≤ Mνk
for all k ≥ K. We say µk = Õ(νk) if such scalar pair (K,M) ensures µk ≤ M(log k)νk
for all k ≥ K. Let x1 ∈ Rn be any initial point for Algorithm 1, and unless mentioned
specifically, we assume all the expectations used in the paper are conditioned on x1, that
is E[·] := E[·|x1].

2 Analysis

2.1 Assumptions

We make the following assumptions.

Assumption 1. There exist positive constant pair (L∇f , L∇c) ∈ R2
>0 such that the objective
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function f has L∇f -Lipschitz gradient, and the constraint function c has L∇c-Lipschitz
gradient.

Assumption 2. There exist constants (κ∇f , κc) ∈ R2
>0 such that for any x ∈ Rn, it holds

∥∇f(x)∥ ≤ κ∇f and ∥c(x)∥ ≤ κc.

Assumption 3. For any x ∈ Rn, the following holds

∇f(x) = Eξf [∇f(x, ξf )], ∇c(x) = EξJ [∇c(x, ξJ)] and c(x) = Eξc [c(x, ξ
c)].

Moreover, there exist constants (δ∇f , δc, δ∇c) ∈ R3
>0 such that for any x ∈ Rn, it holds

Eξf

[
∥∇f(x, ξf )−∇f(x)∥2

]
≤ δ2∇f ,

EξJ
[
∥∇c(x, ξJ)−∇c(x)∥2

]
≤ δ2∇c and Eξc

[
∥c(x, ξc)− c(x)∥2

]
≤ δ2c .

Assumption 4. There exists a positive scalar Lc > 0 such that for any (x1, x2) ∈ Rn ×Rn,
it holds

Eξc
[
∥c(x1, ξc)− c(x2, ξ

c)∥2
]
≤ L2

c∥x1 − x2∥2.

Assumption 5. There exists a positive scalar σ∇c > 0 such that for any x ∈ Rn, one has∥∥[∇c(x)]TP(c(x))
∥∥ ≥ σ∇c∥P(c(x))∥.

Remark 1. When there are only equality constraints, i.e., [m] = E , one can observe that
Assumption 5 is weaker than the strong LICQ for equality constraints. When there are only
inequality constraints, i.e., [m] = I, then Assumption 5 can be implied by the following
three assumptions:

1. For any ϵ > 0, there exists a scalar σ(ϵ) > 0 such that for any x ∈ {x : ∥P(c(x))∥ ≥ ϵ},
it holds

∥[∇c(x)]TP(c(x))∥ = 1
2∥∇(∥P(c(x))∥2)∥ ≥ σ(ϵ).

(Infeasible points are non-stationary points of the function ∥P ◦ c∥2!)

2. Strong LICQ at active constraints.

3. x is bounded.

2.2 Comparison with other works

2.3 Worse-case complexity

Lemma 1. Under Assumptions 1 – 3, let {xk}k∈N be the iterates generated by Algorithm
1 when K = ∞. In addition, suppose the parameters (η1, ρ1) satisfy

ρ1 ≥ 1 ≥ η1. (5)
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stochastic constraint convexity CQ x1 ϵ as prior complexity

[1] equality nonconvex Assumption 5 x1 ∈ X No Õ(ϵ−5)

[2] equality nonconvex Strong LICQ x1 ∈ Rn Yes Õ(ϵ−5)

[3] inequality nonconvex Assumption 5
[c]j(x1) ≤ 0

∀j ∈ I Yes Õ(ϵ−7)

[4] inequality weakly-convex Slater-type CQ x1 ∈ X Yes Õ(ϵ−6)

Ours equality, inequality nonconvex Assumption 5 x1 ∈ Rn No Õ(ϵ−6)

Table 1: Comparison with other algorithms. CQ represents constraint qualification, and LICQ
represents linear independence constraint qualification. X represents a closed convex set. ϵ represents the
output error on the right-hand side of Definition 1 for inequality case, while removing the ∥λT

ξλ
P(c(xξ))∥

term for equality case. Requiring ϵ as a prior means that one needs to choose various algorithm parameters
depending on ϵ before running. The complexity represents the sample complexity. All the above algorithms
require the Assumption 3.

Moreover, define scalars

κ∇c =
√
δ2∇c + L2

c , L∥P◦c∥2 = 2L2
c + 2κcL∇c, and L∇m1 = L∇f + L∥P◦c∥2 . (6)

For any k ∈ N, define
δ̃Ck

= E[Sk][∥Ck − c(xk)∥2]. (7)

Then, one has the following.

(1). For any x ∈ Rn, it holds ∥∇c(x)∥ ≤ Lc and ∥P(c(x))∥2 ≤ κ2c . Moreover, the function
P is 1-Lipschitz continuous, the function ∥P ◦ c∥2 has L∥P◦c∥2-Lipschitz continous
gradient, and the function mρk has an L∇m1ρk-Lipschitz continous gradient.

(2). For any k ∈ N, it holds

ESk
[∥∇c(xk, ξ

J
k )∥2

∣∣[Sk−1]] ≤ κ2∇c, and (8)

E[Sk]

[
∥dk∥2

]
≤ 2ESk

[∥∇mρk(xk)∥
2] + 6δ2∇f + 6κ2∇cρ

2
kδ̃Ck

+ 6δ2∇cρ
2
kE[Sk][∥P(c(xk))∥2]. (9)

Proof. We first prove item (1). For any (x1, x2) ∈ Rn × Rn, from the Assumption 3,
convexity of vector squared two-norm, Jensen’s inequality and Assumption 4, one has

∥c(x1)− c(x2)∥2 = ∥Eξc [c(x1, ξ
c)− c(x2, ξ

c)]∥2

≤ Eξc∥[c(x1, ξc)− c(x2, ξ
c)∥2]

≤ Eξc [L
2
c∥x1 − x2∥2]

= L2
c∥x1 − x2∥2,

which shows that the function c is Lc-Lipshitz continous. Since c is differentiable by
Assumption 1, we have that for any x ∈ Rn, it holds ∥∇c(x)∥ ≤ Lc. Next, we show that P
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is 1-Lipschitz continuous. For any (c1, c2) ∈ Rm ×Rm, from the definition of P in (2), one
has

∥P(c1)− P(c2)∥2 =
∑
i∈[m]

([P(c1)]i − [P(c2)]i)
2

=
∑
i∈E

([c1]i − [c2]i)
2 +

∑
j∈I

(max{0, [c1]j} −max{0, [c2]j})2.
(10)

Observe that for the last term on the right-hand side of the last line of (10), for any j ∈ I,
one has

(max{0, [c1]j} −max{0, [c2]j})2 =


([c1]j − [c2]j)

2, if [c1]j ≥ 0, [c2]j ≥ 0

([c2]j)
2, if [c1]j ≤ 0, [c2]j ≥ 0

([c1]j)
2, if [c1]j ≥ 0, [c2]j ≤ 0

0, if [c1]j ≤ 0, [c2]j ≤ 0

≤ ([c1]j − [c2]j)
2.

(11)

Combining (10) and (11), one now has

∥P(c1)− P(c2)∥2 ≤
∑
i∈[m]

([c1]i − [c2]i)
2 = ∥c1 − c2∥2, (12)

i.e., the function P is 1-Lipschitz continous. Moreover, from (12) and Assumption 2, for
any x ∈ Rn, one has

∥P(c(x))∥2 = ∥P(c(x))− P(0m)∥2 ≤ ∥c(x)− 0m∥2 = ∥c(x)∥2 ≤ κ2c . (13)

Next, we give a Lipschitz constant for ∇(∥P ◦ c∥2). For any (x1, x2) ∈ Rn × Rn, by
adding, subtracting a term, the triangle inequality and submultiplicity, one has

∇
(
∥P(c(x1))∥2

)
−∇

(
∥P(c(x2))∥2

)
= 2∥[∇c(x1)]

TP(c(x1))− [∇c(x2)]
TP(c(x2))∥

= 2∥[∇c(x1)]
TP(c(x1))− [∇c(x1)]

TP(c(x2))

+ [∇c(x1)]
TP(c(x2))− [∇c(x2)]

TP(c(x2))∥
≤ 2∥[∇c(x1)]∥∥P(c(x1))− P(c(x2))∥

+ 2∥∇c(x1)−∇c(x2)∥∥P(c(x2))∥.

(14)

From that P is 1-Lipschitz continous, c is Lc-Lipschitz continous, Assumption 2 and (13),
one has

2∥[∇c(x1)]∥∥P(c(x1))− P(c(x2))∥+ 2∥∇c(x1)−∇c(x2)∥∥P(c(x2))∥
≤ 2Lc∥c(x1)− c(x2)∥+ 2L∇c∥x1 − x2∥κc
≤ 2L2

c∥x1 − x2∥+ 2κcL∇c∥x1 − x2∥
= L∥P◦c∥2∥x1 − x2∥.

(15)
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On the other hand, from the additivity of Lipschitz constants and ρk ≥ 1, one has that the
function ∇mρk has a Lipschitz constant which is at most

L∇f + 1
2ρkL∥P◦c∥2 ≤ L∇f + ρkL∥P◦c∥2 ≤ ρk(L∇f + L∥P◦c∥2) = L∇m1ρk.

Second, we prove item (2). By adding and subtracting the term ∇c(xk), the expansion
of quadratic functions. With Assumption 2 and 3, one has

ESk
[∥∇c(xk, ξ

J
k )∥2

∣∣[Sk−1]]

= ESk
[∥∇c(xk, ξ

J
k )−∇c(xk)∥2

∣∣[Sk−1]] + ESk
[∥∇c(xk)∥2

∣∣[Sk−1]]

+ 2ESk
[(∇c(xk, ξ

J
k )−∇c(xk))

T∇c(xk)
∣∣[Sk−1]]

≤ δ2∇c + κ2∇c + 0 = κ2∇c.

Hence, (8) is proved. Before proceeding to show (9), we prove a useful inequality. For any
l ∈ N number of vectors νi ∈ Rn where i ∈ [l]. From the convexity of the squared norm
and Jensen’s inequality, one has

∥1
l

l∑
i=1

νi∥2 ≤
1

l

l∑
i=1

∥νi∥2 ⇐⇒ ∥
l∑

i=1

νi∥2 ≤ l

l∑
i=1

∥νi∥2 . (16)

By adding and subtracting a term, (16) with l = 2, the linearity of expectation, one has

E[Sk]

[
∥dk∥2

]
= E[Sk][∥∇mρk(xk) +

(
dk −∇mρk(xk)

)
∥2]

≤ 2E[Sk][∥∇mρk(xk)∥
2] + 2E[Sk][∥dk −∇mρk(xk)∥

2]. (17)

For the second term in the line (17). Again, by adding and subtracting a term, (16) where
l = 3 and the linearity of expectation, one has

2E[Sk][∥dk −∇mρk(xk)∥
2]

= 2E[Sk][∥(∇f(xk; ξ
f
k )−∇f(xk)) + ρk

(
[∇c(xk, ξ

J
k )]

T (P(Ck)− P(c(xk))
)

+ ρk
(
∇c(xk, ξ

J
k )−∇c(xk))

TP(c(xk))
)
∥2]

≤ 6E[Sk][∥(∇f(xk; ξ
f
k )−∇f(xk))∥2] + 6ρ2kE[Sk][∥[∇c(xk, ξ

J
k )]

T (P(Ck)− P(c(xk))∥2]
+ 6ρ2kE[Sk][(∇c(xk, ξ

J
k )−∇c(xk))

TP(c(xk))∥2].

(18)

Next, we bound the three terms on the right-hand side of the last inequality in (18). From
Assumption (3) and conditional expectation, one can conclude that

6E[Sk][∥(∇f(xk; ξ
f
k )−∇f(xk))∥2]

= 6E[Sk−1][ESk
[∥(∇f(xk; ξ

f
k )−∇f(xk))∥2

∣∣[Sk−1]]] ≤ 6δ2∇f .
(19)

8



Note that the iterate xk only depends on the initial point x1 and samples [Sk−1]. Hence,
when conditioned on x1 and [Sk−1], the random variables ∇c(xk, ξ

J
k ) and Ck are inde-

pendent since since they depend on two i.i.d. samples, ξJk and ξck, respectively. From
submultiplicity, conditional expectation, and the aforementioned independence. Also from
the Lipschitz constants for P and (8), one has

6ρ2kE[Sk][∥[∇c(xk, ξ
J
k )]

T (P(Ck)− P(c(xk))∥2]
≤ 6ρ2kE[Sk−1][ESk

[∥∇c(xk, ξ
J
k )∥2∥P(Ck)− P(c(xk))∥2

∣∣[Sk−1]]]

= 6ρ2kE[Sk−1][ESk
[∥∇c(xk, ξ

J
k )∥2

∣∣[Sk−1]]ESk
[∥P(Ck)− P(c(xk))∥2]

∣∣[Sk−1]]]

≤ 6ρ2kE[Sk−1][κ
2
∇cESk

[∥Ck − c(xk)∥2
∣∣[Sk−1]]]

= 6κ2∇cρ
2
kδ̃Ck

.

(20)

Similar to the independence argument for (20), for the last term on the right-hand side of
the last inequality in (18), one has

6ρ2kE[Sk][(∇c(xk, ξ
J
k )−∇c(xk))

TP(c(xk))∥2]
= 6ρ2kE[Sk−1][ESk

[∥∇c(xk, ξ
J
k )−∇c(xk)∥2∥P(c(xk))∥2

∣∣[Sk−1]]]

≤ 6ρ2kE[Sk−1][ESk
[δ2∇c∥P(c(xk))∥2

∣∣[Sk−1]]]

= 6δ2∇cρ
2
kE[Sk][∥P(c(xk))∥2].

(21)

Combining (17)–(21), one has

E[Sk]

[
∥dk∥2

]
≤2E[Sk][∥∇mρk(xk)∥

2] + 6δ2∇f + 6κ2∇cρ
2
kδ̃Ck

+ 6δ2∇cρ
2
kE[Sk][∥P(c(xk))∥2].

Lemma 2. Under the Assumptions 1 – 4, if the nonnegative sequence {ωk}k∈N satisfies

ωk+1 ≤ 1
2 and ωk+1 ≥ 72L2

cκ
2
∇cη

2
kρ

2
k. (22)

Then, for any k ∈ N, one has

δ̃Ck+1
≤ (1− ωk+1) δ̃Ck

+ 3ω2
k+1δ

2
c + 36δ2∇fL

2
cη

2
k

+ 12L2
cη

2
kESk

[∥∇mρk(xk)∥
2] + 36L2

cδ
2
∇cη

2
kρ

2
kE[Sk][∥P(c(xk))∥2].

(23)

Further, suppose
max{−1,−2rη} ≤ rω ≤ 0. (24)
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Let scalars (rη̃,K,MK
ρc , η̃1,M

K
δ̃
) ∈ R≤0 × N× R>0 × R>0 × R>0 satisfy

rη̃ = max{rω,−rη}, K ≥ kδ̃ :=

⌈
rω+1

√
2(rω−2rη̃)

ω1

⌉
,

MK
ρc ≥ max

∀k∈[K]
{1,E[Sk][ρ

2
k∥P(c(xk))∥2]},

η̃21 ≥ 3δ2cω
2
1 + (36δ2∇fL

2
c + 24L2

cκ
2
∇f + 24L4

c + 36L2
cδ

2
∇c)η

2
1, and

MK
δ̃

≥ max{δ̃Ck
δ̃
k
rω−2rη̃

δ̃
,
2η̃21
ω1

}MK
ρc .

(25)

Then, one has
δ̃Ck

≤ MK
δ̃
k−rω+2rη̃ for all k ∈ [kδ̃,K]. (26)

Proof. First, one verifies that kδ̃ is well-defined when (24) is given. Indeed, from (24), one
has

rω + 1 ≥ 0 and rω − 2rη̃ = min{−rω, rω + 2rη} ≥ 0.

Hence, kδ̃ is well-defined. Second, for simplicity of arguments, in this lemma we use a
random vector vk+1 ∈ Rm given by

vk+1 := (1− ωk+1)(c(xk)− c(xk, ξ
c
k+1))− c(xk+1) + c(xk+1, ξ

c
k+1).

Recall the variance reduction formula Ck+1 = c(xk+1, ξ
c
k+1) + (1− ωk+1)(Ck − c(xk, ξ

c
k+1))

and by expanding a quadratic function, one has

E[Sk+1][∥Ck+1 − c(xk+1)∥2]
= E[Sk+1][∥c(xk+1, ξ

c
k+1) + (1− ωk+1)(Ck − c(xk, ξ

c
k+1))− c(xk+1)∥2]

= E[Sk+1][∥(1− ωk+1)(Ck − c(xk)) + vk+1∥2]
= (1− ωk+1)

2E[Sk+1][∥Ck − c(xk)∥2] + E[Sk+1][∥vk+1∥2]
+ 2(1− ωk+1)E[Sk+1][(Ck − c(xk))

T vk+1].

(27)

Next, we bound the last two terms on the right-hand side of the last equality of (27).
For the last term, from the definition of vk+1, the linearity of expectation and conditional

10



expectation, one has

E[Sk+1][(Ck − c(xk))
T vk+1]

= (1− ωk+1)E[Sk+1][(Ck − c(xk))
T (c(xk)− c(xk, ξ

c
k+1)]

+ E[Sk+1][(Ck − c(xk))
T (c(xk+1, ξ

c
k+1)− c(xk+1)]

= (1− ωk+1)E[Sk][ESk+1
[(Ck − c(xk))

T (c(xk)− c(xk, ξ
c
k+1)]

∣∣[Sk]]

+ E[Sk][ESk+1
[[(Ck − c(xk))

T (c(xk+1, ξ
c
k+1)− c(xk+1)

∣∣[Sk]]

= (1− ωk+1)E[Sk][(Ck − c(xk))
T (c(xk)− c(xk)]

∣∣[Sk]]

+ E[Sk][[(Ck − c(xk))
T (c(xk+1)− c(xk+1)

∣∣[Sk]]

= 0.

(28)

For the second-to-last term on the right-hand side of the last equality of (27), by rearranging
terms, (16) with l = 3, Assumption 4 and Lemma 1, one has

E[Sk+1][∥vk+1∥2] = E[Sk+1][∥(c(xk)− c(xk+1))− ωk+1(c(xk)− c(xk, ξ
c
k+1))

− (c(xk, ξ
c
k+1)− c(xk+1, ξ

c
k+1))∥2]

≤ 3E[Sk+1][∥c(xk)− c(xk+1)∥2]
+ 3ω2

k+1E[Sk+1][∥c(xk)− c(xk, ξ
c
k+1)∥2]

+ 3E[Sk+1][∥c(xk, ξ
c
k+1))− c(xk+1, ξ

c
k+1)∥2]

≤ 3L2
cE[Sk+1][∥xk − xk+1∥2]
+ 3ω2

k+1E[Sk][ESk+1
[∥c(xk)− c(xk, ξ

c
k+1)∥2

∣∣[Sk]]

+ 3L2
cE[Sk+1][∥xk − xk+1∥2]

≤ 6L2
cη

2
kE[Sk+1][∥dk∥

2] + 3ω2
k+1δ

2
c .

(29)

Combining (27), (28), (29) and (9), one has

δ̃Ck+1
= E[Sk+1][∥Ck+1 − c(xk+1)∥2]
≤ (1− ωk+1)

2E[Sk+1][∥Ck − c(xk)∥2] + 6L2
cη

2
kE[Sk+1][∥dk∥

2] + 3ω2
k+1δ

2
c

≤ (1− ωk+1)
2δ̃Ck

+ 3ω2
k+1δ

2
c + 36δ2∇fL

2
cη

2
k + 36L2

cκ
2
∇cη

2
kρ

2
kδ̃Ck

+ 12L2
cη

2
kE[Sk][∥∇mρk(xk)∥

2] + 36L2
cδ

2
∇cη

2
kρ

2
kE[Sk][∥P(c(xk))∥2]

=
(
(1− ωk+1)

2 + 36L2
cκ

2
∇cη

2
kρ

2
k

)
δ̃Ck

+ 3ω2
k+1δ

2
c + 36δ2∇fL

2
cη

2
k

+ 12L2
cη

2
kE[Sk][∥∇mρk(xk)∥

2] + 36L2
cδ

2
∇cη

2
kρ

2
kE[Sk][∥P(c(xk))∥2].

(30)

Lastly, from (22), one has

(1− ωk+1)
2 + 36L2

cκ
2
∇cη

2
kρ

2
k = 1− 2ωk+1 + ω2

k+1 + 36L2
cκ

2
∇cη

2
kρ

2
k

≤ 1− ωk+1.

11



Combining with (30), one has (23) as desired.
Next, one aims to prove (26). Before that, one derives a useful inequality. That is, for

any (κ, y) ∈ (0,∞)× (0, 2), it holds

(1 + y)−κ ≥ 1− κy. (31)

To see this, consider the scalar function g(y) = (1 + y)−κ + κy in the domain (0, 2). The
derivative of g is g′(y) = κ − κ(1 + y)−κ−1, which is an increasing function in (0, 2) and
gives that g′(y) ≥ g′(0) = κ− κ(1 + 0)−κ−1 = 0 for all y ∈ (0, 2). Hence, we have that the
function g is nondecreasing in (0, 2), i.e., g(y) = (1+y)−κ+κy ≥ g(0) = 1 for all x ∈ (0, 2).
Rearranging terms gives (31).

Combining submultiplicity, inequality (16) with l = 2, and Assumption 2, one has

∥∇mρk(xk)∥
2 ≤ ∥∇f(xk) + ρk[∇c(xk)]

TP(c(xk))∥2

≤ 2∥∇f(xk)∥2 + 2ρ2k∥[∇c(xk)]
TP(c(xk))∥2

≤ 2κ2∇f + 2L2
cρ

2
k∥P(c(xk))∥2.

(32)

Combining (32) with (23) – (25), one has the following for all k ∈ [kδ̃,K]

δ̃Ck+1
≤ (1− ωk+1) δ̃Ck

+ 3ω2
k+1δ

2
c

+ (36δ2∇fL
2
c + 12L2

c(2κ
2
∇f + 2L2

cM
K
ρc ) + 36L2

cδ
2
∇cM

K
ρc )η

2
k

= (1− ωk+1) δ̃Ck
+ 3δ2cω

2
1k

2rω

+ (36δ2∇fL
2
c + 12L2

c(2κ
2
∇f + 2L2

cM
K
ρc ) + 36L2

cδ
2
∇cM

K
ρc )η

2
1k

−2rη

≤ (1− ωk+1) δ̃Ck
+ 3δ2cω

2
1M

K
ρck

2rω

+ (36δ2∇fL
2
cM

K
ρc + 12L2

c(2κ
2
∇fM

K
ρc + 2L2

cM
K
ρc ) + 36L2

cδ
2
∇cM

K
ρc )η

2
1k

−2rη

≤ (1− ωk+1) δ̃Ck
+ η̃21M

K
ρck

2rη̃ ,

(33)

where the second-to-last inequality uses MK
ρc ≥ 1. Next, one proves (26) by induction, with

the base case k = kδ̃. For the base case, from the requirement of Mδ̃ in (25), one has

δ̃Ck
= δ̃Ck

δ̃
≤ δ̃Ck

δ̃
MK

ρc ≤ max{δ̃Ck
δ̃
k
rω−2rη̃

δ̃
,
2η̃21
ω1

}MK
ρck

−rω+2rη̃ = MK
δ̃
k−rω+2rη̃ .

Hence, the base case holds. By induction, one assumes that there exists a k ≥ kδ̃ such that

(26) holds. Then, consider the value of δ̃k+1. Combining (26) and that MK
δ̃

≥ 2η̃21M
K
ρc

ω1
in

(25), one has

δ̃k+1 ≤ (1− ω1k
rω) δ̃k + η̃21M

K
ρck

2rη̃

≤ (1− ω1k
rω)MK

δ̃
k−rω+2rη̃ + η̃21M

K
ρck

2rη̃

= MK
δ̃
k−rω+2rη̃ −

(
ω1 −

η̃21M
K
ρc

MK
δ̃

)
MK

δ̃
k2rη̃

≤ MK
δ̃
k−rω+2rη̃ − 1

2ω1M
K
δ̃
k2rη̃ .

(34)

12



Recall that it is assumed rω−2rη̃ ≥ 0, and we have that 1
k ∈ (0, 2) for all k ≥ 1. Combining

with (31), one has

MK
δ̃
(k + 1)−rω+2rη̃ = MK

δ̃
k−rω+2rη̃

(
1 + 1

k

)−rω+2rη̃

≥ MK
δ̃
k−rω+2rη̃

(
1 +

−rω+2rη̃
k

)
= MK

δ̃
k−rω+2rη̃ − (rω − 2rη̃)M

K
δ̃
k−rω+2rη̃−1.

(35)

On the other hand, since k ≥ kδ̃ and rω + 1 ≥ 0, one has

k ≥

⌈
rω+1

√
2(rω−2rη̃)

ω1

⌉
⇐⇒ ω1

2(rω−2rη̃)
≥ k−rω−1

⇐⇒ 1
2ω1M

K
δ̃
k2rη̃ ≥ (rω − 2rη̃)M

K
δ̃
k−rω+2rη̃−1. (36)

Combining (34) – (36), one has

δ̃k+1 ≤ MK
δ̃
(k + 1)−rω+2rη̃ .

The induction is complete.

Remark 2. We have a few observations for this lemma.

1. The result in (23) is not tight when there is no noise on c, due to the analysis strategy
used in (29). That is, instead of having the following bound for E[Sk+1][∥vk+1∥2]

E[Sk+1][∥vk+1∥2]
=E[Sk+1][∥(c(xk)− c(xk+1))− ωk+1(c(xk)− c(xk, ξ

c
k+1))− (c(xk, ξ

c
k+1)− c(xk+1, ξ

c
k+1))∥2]

≤3E[Sk+1][∥c(xk)− c(xk, ξ
c
k+1))∥2] + 3ω2

k+1E[Sk+1][∥c(xk)− c(xk, ξ
c
k+1)∥2]

+ 3E[Sk+1][∥c(xk+1)− c(xk+1, ξ
c
k+1)∥2]

≤6δ2c + 3δ2c , which is zero when δc = 0.
(37)

It uses what is shown in (29). The analysis strategy used in (29) is standard in
variance-reduction type methods, and indeed it gives better bounds when δc ̸= 0.

2. It is not a conventional approach to obtain (26) by giving a constant bound for
E[Sk][ρ

2
k∥P(c(xk))∥2], E[Sk][∥∇mρk(xk)∥2] and applying it later. However, we remark

that such handling here does not lead to a relaxed result as long as δ∇c ̸= 0 or
δ∇f ̸= 0. One can observe that when δ∇c ̸= 0 or δ∇f ̸= 0, the right-hand side of (23)
is around

(1− ωk+1) δ̃Ck
+ 3ω2

k+1δ
2
c +O(η2k) + 12L2

cη
2
kESk

[∥∇mρk(xk)∥
2]. (38)
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Hence, bounding ESk
[∥∇mρk(xk)∥2] by a constant does not give a worse result. How-

ever, when δ∇c = 0 and δ∇f = 0, i.e., the right-hand side of (23) is

(1− ωk+1) δ̃Ck
+ 3ω2

k+1δ
2
c + 12L2

cη
2
kESk

[∥∇mρk(xk)∥
2],

bounding ESk
[∥∇mρk(xk)∥2] by a constant will give a worse result. One should use

the conventional potential function approach to derive a better complexity result,
which is explained after Lemma 4.

3. From the above point, one can draw a conclusion that when δ∇c ̸= 0, δ∇c ̸= 0 and
δ∇f ̸= 0, performing variance reduction separately to (c,∇f) or to (c,∇c) does not
give a better complexity.

Lemma 3. Under the same assumptions as assumed in Lemma 1. In addition, suppose the
sequencs {ηk}k∈N , {ρk}k∈N satisfy

ρkηk ≤ min{ 1
4L∇m1

,
L2
c

3L∇m1
κ2
∇c

} for all k ∈ N. (39)

Then, one has

E[Sk+1]

[
mρk+1

(xk+1)
]

≤ E[Sk][mρk(xk)]− 1
2ηkE[Sk][∥∇mρk(xk)∥

2] + 3L∇m1δ
2
∇fη

2
kρk

+ 3L2
cηkρ

2
kδ̃Ck

+ (2ββ ρk
k + 3L∇m1δ

2
∇cη

2
kρ

3
k)E[Sk][∥P(c(xk))∥2].

(40)

Proof. We first explain that (39) is compatible with (5). Note that (5) requires ηk ≤ 1 ≤ ρk.
One can first choose any ρ1 ≥ 1, then fix ρ1, and choose an η1 that is positive but no larger
than the real number one and no larger than the right-hand side of (39) divided by ρ1.

Recall the update xk+1 = xk − ηkdk and the function mρk has L∇m1ρk-Lipschitz conti-
nous gradient. Taking the total expectation on both sides of the Taylor’s expansion of the
merit function mρk at xk, one has

E[Sk][mρk(xk+1)]

= E[Sk][mρk

(
xk − ηkdk

)
]

≤ E[Sk][mρk(xk)]− ηkE[Sk][[∇mρk(xk)]
Tdk] +

L∇m1
ρkη

2
k

2 E[Sk][
∥∥dk∥∥2].

(41)

Recall that dk = ∇f(xk, ξ
f
k )+ρk[∇c(xk, ξ

J
k )]

TP(Ck). And from a similar argument for (20),

one has the random vectors ∇f(xk, ξ
f
k ),∇c(xk, ξ

J
k ),P(Ck) being independent when condi-

tioned on x1 and [Sk−1]. From conditional expectation, the aforementioned independence
and Assumption 3, one has

− ηkE[Sk][[∇mρk(xk)]
Tdk]

=− ηkE[Sk][[∇mρk(xk)]
T (∇f(xk, ξ

f
k ) + ρk[∇c(xk, ξ

J
k )]

TP(Ck))]

=− ηkE[Sk−1][ESk
[[∇mρk(xk)]

T (∇f(xk, ξ
f
k ) + ρk[∇c(xk, ξ

J
k )]

TP(Ck))
∣∣[Sk−1]]]

=− ηkE[Sk][[∇mρk(xk)]
T (∇f(xk) + ρk[∇c(xk)]

TP(Ck))].

(42)
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By adding and subtracting a term ρk[∇c(xk)]
T c(xk) on the last line of (42), one has

− ηkE[Sk][[∇mρk(xk)]
Tdk]

=− ηkE[Sk][[∇mρk(xk)]
T (∇f(xk) + ρk[∇c(xk)]

TP(c(xk)))]

− ηkE[Sk][[∇mρk(xk)]
T (ρk[∇c(xk)]

T (P(Ck)− P(c(xk))))]

=− ηkE[Sk][∥∇mρk(xk)∥
2]− ηkρkE[Sk][[∇mρk(xk)]

T [∇c(xk)]
T (P(Ck)− P(c(xk)))].

(43)

From submultiplicity, ∥∇c(xk)∥ ≤ Lc and P is 1-Lipschit continous shown in Lemma 1.
Combining with Young’s inequality, for the last term on the last line of (43), one has

− ηkρkE[Sk][∇mρk(xk)]
T [∇c(xk)]

T (P(Ck)− P(c(xk)))]

≤ ηkρkE[Sk][∥∇mρk(xk)∥∥∇c(xk)∥∥P(Ck)− P(c(xk))∥]
≤ ηkρkLcE[Sk][∥∇mρk(xk)∥∥Ck − c(xk)∥]
≤ 1

4ηkE[Sk][∥∇mρk(xk)∥
2] + 2L2

cηkρ
2
kE[Sk][∥Ck − c(xk)∥2].

(44)

On the other hand, from the definition of the merit function, one has

E[Sk][mρk+1
(xk+1)] = E[Sk] [mρk(xk+1)] +

1
2(ρk+1 − ρk)E[Sk][∥P(c(xk))∥2]. (45)

Next, we give an upper bound for ρk+1 − ρk. Consider an auxiliary function g : R>0 → R
defined as g(y) = yβ. From the mean value theorem, there exists a scalar k̃ ∈ [k, k + 1]
such that

(k + 1)β − kβ =
(k + 1)β − kβ

(k + 1)− k
=

dg

dy

∣∣∣∣
y=k̃

= βk̃β−1.

When 0 < β ≤ 1, from the fact that the function yβ−1 is nonincreasing, one has

βk̃β−1 ≤ βkβ−1 ≤ 2β+1βkβ−1.

When β > 1, from the fact that the function yβ−1 is nondecreasing and that k + 1 ≤ 2k
for all k ∈ N, one has

βk̃β−1 ≤ β(k + 1)β−1 ≤ β(2k)β−1 ≤ 2β+1βkβ−1.

Combining both cases for the value of β, we have (k + 1)β − kβ ≤ 2β+1βkβ−1 and

1
2(ρk+1 − ρk) =

1
2ρ1

(
(k + 1)β − kβ

)
≤ 2ββkβ−1ρ1 = 2ββ ρk

k . (46)
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Combining (41) – (46) and the bound for E[Sk][
∥∥dk∥∥2] in Lemma 1, one has

E[Sk]

[
mρk+1

(xk+1)
]

= E[Sk][mρk(xk+1)] +
1
2(ρk+1 − ρk)E[Sk][∥P(c(xk))∥2]

≤ E[Sk][mρk(xk)]− 3
4ηkE[Sk][∥∇mρk(xk)∥

2] + 2L2
cηkρ

2
kδ̃Ck

+
L∇m1

ρkη
2
k

2 E[Sk][
∥∥dk∥∥2] + 1

2(ρk+1 − ρk)E[Sk][∥P(c(xk))∥2]
≤ E[Sk][mρk(xk)]− 3

4ηkE[Sk][∥∇mρk(xk)∥
2] + 2L2

cηkρ
2
kδ̃Ck

+ 2ββ ρk
k E[Sk][∥P(c(xk))∥2] +

L∇m1
ρkη

2
k

2 (2ESk
[∥∇mρk(xk)∥

2]

+ 6δ2∇f + 6κ2∇cρ
2
kδ̃Ck

+ 6δ2∇cρ
2
kE[Sk][∥P(c(xk))∥2])

= E[Sk][mρk(xk)]− (34 − L∇m1ρkηk)ηkE[Sk][∥∇mρk(xk)∥
2]

+ 3L∇m1δ
2
∇fη

2
kρk + (2L2

c + 3L∇m1κ
2
∇cηkρk)ηkρ

2
kδ̃Ck

+ (2ββ ρk
k + 3L∇m1δ

2
∇cη

2
kρ

3
k)E[Sk][∥P(c(xk))∥2]).

(47)

From (39), one has
3
4 − L∇m1ρkηk ≥ 1

2

2L2
c + 3L∇m1κ

2
∇cηkρk ≤ 3L2

c

(48)

Since the iterate xk+1 only depends on the initial point x1 and samples [Sk], one has
E[Sk]

[
mρk+1

(xk+1)
]
= E[Sk+1]

[
mρk+1

(xk+1)
]
. Combining with (47) and (82), one has (40)

as desired.

Next, we are going to show that there exists a choice for the sequences {ηk}k, {ρk}k, {ωk}k
such that one is able to obtain the lower-bound worst-case complexity. To focus our at-
tention on arguing the lower-bound worst-case complexity, we make a heruistic regarding
E[Sk][∥c(xk)∥

2].

Lemma 4. Under Assumptions 1 – 4. In addition, suppose the scalars (η1, ρ1, ω1) ∈ R3
>0

satisfy  ρ1 ≥ 1, η1 ≤ 1, ω1 = 72L2
cκ

2
∇cη

2
1ρ

2
1 and

η1ρ1 ≤ min{ 1
4L∇m1

,
L2
c

3L∇m1
κ2
∇c

, 1
12Lcκ∇c

}.
(49)

And assume there exists a scalar M ′
ρc > 0 such that

MK
ρc ≤ M ′

ρc for all K ∈ N. (50)

Then, the scalars
(rη, rρ, rω) = (23 ,

1
6 ,−

2
3) (51)
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is the optimal choice such that inequalities (5), (22), (24), (39) hold, and the point xK̂ is
an ϵ-stochastic stationary point of (1) with the lower bound worse-case sample complexity,
when {E[Sk] [mρk(xk)]}k∈N is bounded below. Specifically, in at most O(ϵ−6) number of
iterations and with access of at most O(ϵ−6) single datapoints, xK̂ will satisfy

E[SK ][∥∇f(xK̂) +∇c(xK̂)TλK̂∥+ ∥P(c(xK̂))∥+ ∥λT
K̂
P(c(xK̂))∥] ≤ ϵ,

where λK̂ = ρK̂P(c(xK̂)) ∈ Rm.

Proof. One first verifies or gives conditions under which the sequences {ηk}k∈N , {ρk}k∈N ,
{ωk+1}k∈N satisfy (49) will give the inequalities (5), (22), (24) and (39). Recall that those
inequalities are

ρ1 ≥ 1 ≥ η1, ωk+1 ≥ 72L2
cκ

2
∇cη

2
kρ

2
k, ωk+1 ≤ 1

2 , (52)

ηkρk ≤ min{ 1
4L∇m1

,
L2
c

3L∇m1
κ2
∇c

} and max{−1,−2rη} ≤ rω ≤ 0. (53)

One can observe that the first two inequalities in the first line of (49) give the first inequality
in (52). The second inequality in (52) is

ωk+1 = ω1k
rω ≥ 72L2

cκ
2
∇cη

2
kρ

2
k = 72L2

cκ
2
∇cη

2
1ρ

2
1k

−2rη+2rρ , (54)

which, when k = 1, requires ω2 = ω1 ≥ 72L2
cκ

2
∇cη

2
1ρ

2
1, and is satisfied by the last equation

in the first line of (49). In order for (54) to hold for large k, one requires

rω ≥ −2rη + 2rρ, (55)

and one can verify that with the last equation in the first line of (49) and the inequality
(55), one has (54) hold for all k. To ensure the third inequality in (52) hold for large k,
one at least require

rω ≤ 0, (56)

and one can verify that with (49), it holds for all k that

ωk+1 ≤ ω1 = 72L2
cκ

2
∇cη

2
1ρ

2
1 ≤ 1

2 .

Via similar arguments, one has that in order for the first inequality in (53) to hold, one
requires

rη + rρ ≤ 0, (57)

which with (49), it holds for all k. The last inequality in (53) gives a requirement for
(rη, rρ, rω) explicitly. Combining (55) – (57) and the last inequality in (53), the inequalities
(52) and (53) hold for large k requires

rω ≤ 0, rω ≥ −2rη + 2rρ,−rη + rρ ≤ 0, and max{−1,−2rη} ≤ rω ≤ 0, (58)
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which, combined with (49), ensures (52) and (53) to hold for all k.
Suppose (58) is satisfied for scalars (rη, rρ, rω) used here, and in fact, one can verify

that (51) satisfies (58). As a result, the assumptions and requirements for Lemma 1 –
Lemma 3 are assumed and required here. Next, one applies Lemma 3. From the fact that
the seqeunce {ηk}k∈N is nonincreasing and that the output xK̂ is uniformally chosen from
{xk}Kk=1, one has

K∑
k=1

1
2ηkE[Sk][∥∇mρk(xk)]∥

2] ≥ 1
2ηK

K∑
k=1

E[SK ]

[
∥∇mρk(xk)∥

2
]

= 1
2KηK

(
1
K

K∑
k=1

E[SK−1][∥∇mρk(xk)∥
2]

)
= 1

2η1K
1−rηEK̂ [∥∇mρK̂

(xK̂)∥2].

(59)

Combining (50) wit the definition of MK
ρc in (25), one has

E[Sk][∥P(c(xk))∥2] ≤
M ′

ρc

ρ2k
for all k ∈ N. (60)

Combining (60) with the inequality (40) in Lemma 3. Summing from k = 1 to K, rear-

ranging terms, combining with (59) and multiplying 2Krη−1

η1
one both sides, one has

EK̂ [∥∇mρK̂
(xK̂)∥2]

≤(E[S1] [mρ1(x1)]− E[SK+1]

[
mρK+1(xK+1)

]
) 2
η1
Krη−1 (61)

+
6L∇m1

δ2∇f

η1
Krη−1

K∑
k=1

η2kρk +
6L2

c
η1

Krη−1
K∑
k=1

ηkρ
2
kδ̃Ck

(62)

+
2β+1βMρc

η1
Krη−1

K∑
k=1

1
kρk

+
6L∇m1

δ2∇cM
′
ρc

η1
Krη−1

K∑
k=1

η2kρk. (63)

For the line (61). Since the initial point x1 is chosen before the algorithm runs, one has
that the value E[S1] [mρ1(x1)] is given, hence bounded. As a result, when the sequence
{E[Sk+1]

[
mρk+1

(xk+1)
]
}k∈N is lower bounded, one has that the value

(E[SK ] [mρ0(x0)]− E[SK+1]

[
mρK+1(xK+1)

]
) is uniformly upper bounded for all K. (64)

On the other hand, note that ρk = ρ1k
rρ with rρ ≥ 0. For the second-to-last term in (63),

one has that the term 1
kρk

has an order that is no larger than −1. Hence, one has the
summation

K∑
k=1

1
kρk

≤ 1
ρ1

K∑
k=1

1
k

K≫1
= O(logK) = Õ(1). (65)
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Next, one bounds the summation
∑K

k=1 η
2
kρk which appears in the first term in (62) and

the last term in (63). One has
∑K

k=1 η
2
kρk = η21ρ1

∑K
k=1 k

−2rη+rρ and the following two
cases. When −2rη + rρ ≥ 0, one has

K∑
k=1

k−2rη+rρ ≤
∫ K

k=1
k−2rη+rρdk = 1

1−2rη+rρ
(K1−2rη+rρ − 1)

K≫1
= O(K1−2rη+rρ), (66)

where the last equality uses 1− 2rη + rρ > 0. When −2rη + rρ ≤ 0, one has

K∑
k=1

k−2rη+rρ = 1 +
K∑
k=2

k−2rη+rρ ≤ 1 +

∫ K

k=1
k−2rη+rρdk. (67)

And further

1 +

∫ K

k=1
k−2rη+rρdk

≤

{
1 + 1

1−2rη+rρ
(K1−2rη+rρ − 1) , if − 2rη + rρ ∈ (−∞,−1) ∪ (−1, 0]

1 + lnK , if − 2rη + rρ = −1

≤


1

1−2rη+rρ
K1−2rη+rρ , if − 2rη + rρ ∈ (−1, 0]

1− 1
1−2rη+rρ

, if − 2rη + rρ ∈ (−∞,−1)

1 + lnK , if − 2rη + rρ = −1

K≫1
= Õ(1 +K1−2rη+rρ).

(68)

Combining (66) – (68), one has

K∑
k=1

η2kρk ≤ Õ(1 +K1−2rη+rρ) when K ≫ 1. (69)

Next, we consider the last term in (62). Note that Lemma 2 defines two real scalars kδ̃ and
MK

δ̃
in (25), where kδ̃ only dependes on the values of (rη, rρ, rω), hence is independent of

K. From (25), MK
δ̃

dependes on upper bound of η̃1,K which relies on upper bound of MK
ρc ,

hence MK
δ̃

relies on upper bound of MK
ρc . Since (50) assumes an uniformly upper bound

of MK
ρc , one has that MK

δ̃
is also indepndent of K. To indicate the independence, one use

Mδ̃ to replace MK
δ̃

here. As a result, one has scalars (kδ̃,Mδ̃) ∈ N × R>0 such that

δ̃k ≤ Mδ̃k
−rω+2rη̃ for all k ≥ kδ̃, where rη̃ = max{rω,−rη}.

Since kδ̃ < ∞, one has the existence of a scalar M ′
δ̃
such that

δ̃k ≤ M ′
δ̃
k−rω+2rη̃ for all k ≥ 1.
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As a result, one has

K∑
k=1

ηkρ
2
kδ̃Ck

≤ M ′
δ̃
η1ρ

2
1

K∑
k=1

k−rη+2rρ−rω+max{2rω ,−2rη}

K≫1
= O(

K∑
k=1

kmax{rω−rη+2rρ,−rω−3rη+2rρ})

K≫1
≤ Õ(1 +K1+max{rω−rη+2rρ,−rω−3rη+2rρ}).

(70)

Combining (59) – (70), from the convexity of the squared norm, Jensen’s inequality, one
has

(E[Sk][∥∇mρK̂
(xK̂)∥])2 ≤ E[Sk][∥∇mρK̂

(xK̂)∥2]
K≫1
≤ Õ(Krη−1 +K−rη+rρ +Kmax{rω+2rρ,−rω−2rη+2rρ})

≤ Õ((K
rη−1
2 +K

−rη+rρ
2 +K

max{rω+2rρ,−rω−2rη+2rρ}
2 )2).

Taking square roots on both sides gives

E[Sk][∥∇mρK̂
(xK̂)∥] ≤ Õ(K

rη−1
2 +K

−rη+rρ
2 +K

max{rω+2rρ,−rω−2rη+2rρ}
2 ). (71)

On the other hand, we give a bound for E[SK ][∥P(c(xK̂))∥2]. From the definition of xK̂ ,
{ρk}k in (3) and (50), one has

E[SK ][∥P(c(xK̂))∥2] = 1
K

K∑
k=1

E[Sk][∥P(c(xk))∥2] ≤
M ′

ρc

K

K∑
k=1

ρ−2
k ≤ M ′

ρc

ρ21K

∫ K

k=1
k−2rρdk.

(72)
And further,

1
K

∫ K

k=1
k−2rρdk ≤

{
1
K

1
1−2rρ

(K1−2rρ − 1) , if rρ ∈ [0, 12) ∪ (12 ,∞)
1
K lnK , if rρ = 1

2 .

K≫1
≤ Õ(K−2rρ).

(73)

Combing (72), (73), and follow similar arguments that lead to (71), one has

E[SK ][∥P(c(xK̂))∥]
K≫1
≤ Õ(K−rρ). (74)

Letting λK̂ = ρK̂P(c(xK̂)), and via similar arguments that lead to (73), one has the
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approximate slackness measure

E[Sk][∥λ
T
K̂
P(c(xK̂))∥] = E[Sk][ρK̂∥P(c(xK̂))∥2]

= 1
K

K∑
k=1

E[Sk][ρk∥P(c(xk))∥2]

K≫1
≤ Õ(K−rρ).

(75)

Combining (71), (74), (75) and the linearity of expectation, one has

E[Sk][∥∇f(xK̂) +∇c(xK̂)TλK̂∥+ ∥P(c(xK̂))∥+ ∥λT
K̂
P(c(xK̂))∥]

K≫1
≤ Õ(K

rη−1
2 +K

−rη+rρ
2 +K

max{rω+2rρ,−rω−2rη+2rρ}
2 +K−rρ).

. (76)

Combining with the requirements in (58), one can find an optimal choice for the orders
(rη, rρ, rω) by solving the following constraint problem

min
(rη ,rρ,rω)

max{rη − 1,−rη + rρ, rω + 2rρ,−rω − 2rη + 2rρ,−2rρ}

s.t. rη > 0, rρ > 0, and (58) is satisfied.
(77)

In the Appendix A, one is able to transform (77) into a linear programming problem. By
calling a MATLAB solver, one obtains an optimal solution

(rη, rρ, rω) = (23 ,
1
6 ,−

2
3)

with an objective value of (77) being −1
3 , meaning that when K ≫ 1, one has

E[Sk][∥∇f(xK̂) +∇c(xK̂)TλK̂∥+ ∥P(c(xK̂))∥+ ∥λT
K̂
P(c(xK̂))∥] ≤ Õ(K−1

6 ). (78)

Equavalently, for any ϵ > 0, when the right-hand side of (78) to be the size Õ(ϵ), one has

Õ(K−1
6 ) = ϵ ⇐⇒ K = Õ(ϵ−6),

indicating that one can find an ϵ-stochastic stationary point in at most Õ(ϵ−6) iterations.
Also note that in Algorithm 1 line 4, in each iteration, only three data points are drawn.
Hence, Algorithm 1 has the same sample complexity as the iteration complexity, i.e., at
most Õ(ϵ−6).

Remark 3. Let us consider when δ∇c = 0 and δ∇f = 0. One has that (23) to be

δ̃Ck+1
≤ (1− ωk+1) δ̃Ck

+ 3ω2
k+1δ

2
c + 12L2

cη
2
kESk

[∥∇mρk(xk)∥
2]. (79)
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Recall the merit descent result (40)

E[Sk]

[
mρk+1

(xk+1)
]

≤E[Sk][mρk(xk)]− 1
2ηkE[Sk][∥∇mρk(xk)∥

2] + 3L∇m1δ
2
∇fη

2
kρk

+ 3L2
cηkρ

2
kδ̃Ck

+ (2ββ ρk
k + 3L∇m1δ

2
∇cη

2
kρ

3
k)E[Sk][∥P(c(xk))∥2]).

(80)

The potential function approach is as follows: assuming the existence of a sequence {uk}k
such that

1−ωk+1

uk+1
≤ 1

uk
− ηkρ

2
k.

Then, multiplying both sides of (79) by
3L2

c
uk+1

and use the above inequality

3L2
c

uk+1
δ̃Ck+1

≤ 3L2
c

uk
δ̃Ck

− 3L2
cηkρ

2
kδ̃Ck

+
9L2

cω
2
k+1

uk+1
δ2c +

36L4
cη

2
k

uk+1
ESk

[∥∇mρk(xk)∥
2]. (81)

Sum (81) to (80) on both sides, and define

Mk = E[Sk][mρk(xk)] +
3L2

c
uk

δ̃Ck
as a potential function at xk,

one has

Mk+1 ≤ Mk − (12 − 36L4
cηk

uk+1
)ηkE[Sk][∥∇mρk(xk)∥

2] + 3L∇m1δ
2
∇fη

2
kρk

+ (2ββ ρk
k + 3L∇m1δ

2
∇cη

2
kρ

3
k)E[Sk][∥P(c(xk))∥2]) +

9L2
cω

2
k+1

uk+1
δ2c .

(82)

Then, performing summation and telescoping cancellation for Mk, one can obtain optimal
choices for parameters in this case.

2.4 Proof for unifomrly boundness of {MK
ρc}K

Lemma 5. Under Assumptions 1 – 5 and suppose inequalities (5) and (22) hold. In addition,
assume that for all k ∈ N, it holds

ηkρk ≤ min{ σ2
∇c

4(9L∥P◦c∥2δ
2
∇c+6L2

cL∥P◦c∥2 )
,

L4
c

12LP◦cκ
2
∇cσ

2
∇c

,
κ2
∇fL

2
c

4σ2
∇c(2κ

2
∇fL∥P◦c∥2+3L∥P◦c∥2δ

2
∇f )

}. (83)

Then, one has

E[Sk][
1
2∥P(c(xk+1))∥2] ≤ (1− σ2

∇c
2 ηkρk)E[Sk][

1
2∥P(c(xk))∥2] +

L4
c

σ2
∇c

ηkρkδ̃Ck

+
κ2
∇fL

2
c

σ2
∇c

ηkρ
−1
k .

(84)
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Proof. First, one can observe that (83) is compatible with (5) and (22) by first choosing
any ρ1 ≥ 1, and then choosing a small enough η1. Via Lemma 1 and Taylor’s expansion
on the function 1

2∥P ◦ c∥2 at xk, one has

E[Sk][
1
2∥P(c(xk+1))∥2]

= E[Sk][
1
2∥P(c(xk − ηkdk))∥2]

≤ E[Sk][
1
2∥P(c(xk))∥2 − ηkP(c(xk))

T∇c(xk)dk +
1
2L∥P◦c∥2η

2
k

∥∥dk∥∥2]
= E[Sk][

1
2∥P(c(xk))∥2]− ηkE[Sk][P(c(xk))

T∇c(xk)dk] +
1
2L∥P◦c∥2η

2
kE[Sk][

∥∥dk∥∥2].
(85)

Recall that dk = ∇f(xk, ξ
f
k ) + ρk[∇c(xk, ξ

J
k )]

TP(Ck). By adding and subtracting a term,
and note that xk depends only on x1 and [Sk−1], one has

E[Sk][P(c(xk))
T∇c(xk)dk]

=E[Sk][P(c(xk))
T∇c(xk)∇f(xk, ξ

f
k )] + ρkE[Sk][[∇c(xk, ξ

J
k )]

TP(Ck)]

=E[Sk][P(c(xk))
T∇c(xk)∇f(xk, ξ

f
k )] + ρkE[Sk][P(c(xk))

T∇c(xk)[∇c(xk, ξ
J
k )]

TP(c(xk))]

+ ρkE[Sk][P(c(xk))
T∇c(xk)[∇c(xk, ξ

J
k )]

T (P(Ck)− P(c(xk)))]

=E[Sk][P(c(xk))
T∇c(xk)∇f(xk)] + ρkE[Sk][P(c(xk))

T∇c(xk)[∇c(xk)]
TP(c(xk))]

+ ρkE[Sk][P(c(xk))
T∇c(xk)[∇c(xk, ξ

J
k )]

T (P(Ck)− P(c(xk)))].
(86)

Note that Ck, ∇c(xk, ξ
J
k ) are independent when conditioned on xk, one has

E[Sk][P(c(xk))
T∇c(xk)[∇c(xk, ξ

J
k )]

T (P(Ck)− P(c(xk)))]

=E[Sk−1][ESk
[P(c(xk))

T∇c(xk)[∇c(xk, ξ
J
k )]

T (P(Ck)− P(c(xk)))
∣∣[Sk−1]]

=E[Sk][P(c(xk))
T∇c(xk)[∇c(xk)]

T (P(Ck)− P(c(xk)))].

(87)

Combining (86) and (87). From submultiplicity, Assumption 2, Assumption 5 and Lemma
1, one has

− ηkE[Sk][P(c(xk))
T∇c(xk)dk]

≤ηkE[Sk][∥P(c(xk))∥∥∇c(xk)∥∥∇f(xk)∥]
− ηkρkE[Sk][P(c(xk))

T∇c(xk)[∇c(xk)]
TP(c(xk))]

+ ηkρkE[Sk][∥P(c(xk))∥∥∇c(xk)∥∥∇c(xk)∥∥P(Ck)− P(c(xk))∥]
≤ηkLcκ∇fE[Sk][∥P(c(xk))∥]− ηkρkσ

2
∇cE[Sk][∥P(c(xk))∥2]

+ L2
cηkρkE[Sk][∥P(c(xk))∥∥Ck − c(xk)∥].

(88)
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Moreover, from Young’s inequality, one has

ηkLcκ∇f∥P(c(xk))∥ ≤ 1
3ηkρkσ

2
∇c∥P(c(xk))∥2 +

3 (ηkκ∇fLc)
2

4ηkρkσ
2
∇c

, and

L2
cηkρk∥P(c(xk))∥∥Ck − c(xk)∥ ≤ 1

3ηkρkσ
2
∇c∥P(c(xk))∥2

+
3
(
ηkρkL

2
c

)2 ∥Ck − c(xk)∥2

4ηkρkσ
2
∇c

.

(89)

And recall (32) that

∥∇mρk(xk)∥
2 ≤ 2κ2∇f + 2L2

cρ
2
k∥P(c(xk))∥2.

Taking the total expectation on both sides of (32) and (89), combining (85) – (88), Lemma
1 and (83), one has

E[Sk][
1
2∥P(c(xk+1))∥2]

≤ E[Sk][
1
2∥P(c(xk))∥2]− 1

3ηkρkσ
2
∇cE[Sk][∥P(c(xk))∥2] +

3κ2
∇fL

2
c

4σ2
∇c

ηkρ
−1
k

+
3L4

c

4σ2
∇c

ηkρkE[Sk][∥Ck − c(xk)∥2] + 1
2L∥P◦c∥2η

2
kE[Sk][

∥∥dk∥∥2]
≤ E[Sk][

1
2∥P(c(xk))∥2]− 1

3ηkρkσ
2
∇cE[Sk][∥P(c(xk))∥2] +

3κ2
∇fL

2
c

4σ2
∇c

ηkρ
−1
k

+
3L4

c

4σ2
∇c

ηkρkδ̃Ck
+ 1

2L∥P◦c∥2η
2
k(2E[Sk][∥∇mρk(xk)∥

2] + 6δ2∇f

+ 6κ2∇cρ
2
kδ̃Ck

+ 6δ2∇cρ
2
kE[Sk][∥P(c(xk))∥2])

≤ E[Sk][
1
2∥P(c(xk))∥2]− 1

3ηkρk(σ
2
∇c − 9L∥P◦c∥2δ

2
∇cηkρk)E[Sk][∥P(c(xk))∥2]

+
3κ2

∇fL
2
c

4σ2
∇c

ηkρ
−1
k + ηkρk(

3L4
c

4σ2
∇c

+ 3L∥P◦c∥2κ
2
∇cηkρk)δ̃Ck

+ L∥P◦c∥2η
2
k(2κ

2
∇f + 2L2

cρ
2
kE[Sk][∥P(c(xk))∥2]) + 3L∥P◦c∥2δ

2
∇fη

2
k

= E[Sk][
1
2∥P(c(xk))∥2]

− 1
3ηkρk(σ

2
∇c − 9L∥P◦c∥2δ

2
∇cηkρk − 6L2

cL∥P◦c∥2ηkρk)E[Sk][∥P(c(xk))∥2]

+ ηkρk(
3L4

c

4σ2
∇c

+ 3L∥P◦c∥2κ
2
∇cηkρk)δ̃Ck

+ (2κ2∇fL∥P◦c∥2ηkρk + 3L∥P◦c∥2δ
2
∇fηkρk +

3κ2
∇fL

2
c

4σ2
∇c

)ηkρ
−1
k .

(90)

Combining with (83) which gives

σ2
∇c − 9L∥P◦c∥2δ

2
∇cηkρk − 6L2

cL∥P◦c∥2ηkρk ≥ 3σ2
∇c
4 ,

3L4
c

4σ2
∇c

+ 3L∥P◦c∥2κ
2
∇cηkρk ≤ L4

c

σ2
∇c

,

and 2κ2∇fL∥P◦c∥2ηkρk + 3L∥P◦c∥2δ
2
∇fηkρk ≤ κ2

∇fL
2
c

σ2
∇c

,
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one has (84) as desired.

Theorem 1. Under Assumption 1 – 5. When the parameters (η1, ρ1, ω1) and (rη, rρ, rω)
satisfies 

(rη, rρ, rω) = (23 ,
1
6 ,−

2
3),

ρ1 ≥ 1, η1 ≤ 1, ω1 = 72L2
cκ

2
∇cη

2
1ρ

2
1 and

η1ρ1 ≤ min{ 1
4L∇m1

,
L2
c

3L∇m1
κ2
∇c

,
σ2
∇c

4(9L∥P◦c∥2δ
2
∇c+6L2

cL∥P◦c∥2 )
,

L4
c

12L∥P◦c∥2κ
2
∇cσ

2
∇c

,
κ2
∇fL

2
c

4σ2
∇c(2κ

2
∇fL∥P◦c∥2+3L∥P◦c∥2δ

2
∇f )

, 1
12Lcκ∇c

}.

(91)

One has the existence of a finite scalar M ′
ρc < ∞ such that

E[Sk]

[
ρ2k∥P(c(xk))∥2

]
≤ M ′

ρc for all k ∈ N. (92)

Moreover, Algorithm 1 produces an ϵ-stochastic stationary point xK̂ of (1) with the lower
bound worse-case sample complexity, when {E[Sk] [mρk(xk)]}k∈N is bounded below. Specif-
ically, in at most O(ϵ−6) number of iterations and with access of at most O(ϵ−6) single
datapoints, xK̂ will satisfy

E[SK ][∥∇f(xK̂) +∇c(xK̂)TλK̂∥+ ∥P(c(xK̂))∥+ ∥λT
K̂
P(c(xK̂))∥] ≤ ϵ,

where λK̂ = ρK̂P(c(xK̂)) ∈ Rm.

Proof. We will utilize Lemma 2 and Lemma 5 here. Observe that Assumptions 1 – 5 are
assumed here and (91) implies (83), since ηkρk = η1ρ1k

−rη+rρ = η1ρ1k
−1/2 ≤ η1ρ1. Also

observe that (91) implies (49), which implies (5) and (22), as argued in Lemma 4. Hence,
Lemma 5 can be applied here. Lemma 2 can be applied here as its assumptions are satisfied
here, and the inequality (22) on which it relies holds here.

Before showing the existence of M ′
ρc in (92), one requires a few more parameters at

hand. Define scalars

κ = max{δ̃kδ̃k
2/3

δ̃
,
2η̃21
ω1

},
kρc = max{⌈ 1/2

√
4

3σ2
∇cη1ρ1

⌉, kδ̃, (
16L4

cκρ
2
1

σ4
∇c

)3},

Mρc = maxk∈[kρc]{E[Sk][ρ
2
k∥P(c(xk))∥2], 1,

16κ2
∇fL

2
c

σ4
∇c

},

Mδ̃ = κMρc,

(93)

where η̃1 is defined in (25) and independent of the iterates k. The kδ̃ = ⌈ rω+1

√
2(rω−2rη̃)

ω1
⌉} =⌈

1/3

√
4

3ω1

⌉
is independent of k. Hence, κ and kρc are also independent of k. Apply Lemma

2 with K = kρc ≥ kδ̃. Then, one has the following for all k ∈ [kδ̃, kρc]

E[Sk][ρ
2
k∥P(c(xk))∥2] ≤ Mρc, and δ̃k ≤ Mδ̃k

−2/3. (94)
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Next, we focus on proving the following statement by using induction, that is

E[Sk]

[
ρ2k∥P(c(xk))∥2

]
≤ Mρc for all k ≥ kρc. (95)

The base case we consider is when the iterate k = kρc, which holds by the construction
of Mρc. By induction, suppose (95) holds for any k ∈ (kρc, k

′] where N ∋ k′ > kρc. From
Lemma 2, one has (94) holds for all k ∈ (kρc, k

′], with the same constants (Mρc,Mδ̃) as the
base case. Dividing ρ2k on both sides of (95) and plugging in the definition of ρk, one has

E[Sk]

[
∥P(c(xk))∥2

]
≤ Mρcρ

−2
k =

Mρc

ρ21
k−

1
3 . (96)

From Lemma 5, (94) and (96), one has
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(97)

From (93), one has k ≥ (
16L4

cκρ
2
1
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)3 =⇒ L4
cκMρcη1ρ1
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,

which combining with (97) and multiplying two on both sides, gives

E[Sk][∥P(c(xk+1))∥2] ≤ Mρc

ρ21
k−

1
3 − Mρcσ2

∇cη1
4ρ1

k−
5
6 . (98)

On the other hand, applying (31) since −1
3 ≤ 0 and 1

k ∈ (0, 2), for all k ≥ 1. It gives

Mρcρ
−2
k+1 =

Mρc

ρ21
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1
3 =

Mρc

ρ21
k−

1
3
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Since k ≥ kρc, one has

k ≥ kρc ≥
⌈

1/2

√
4

3σ2
∇cη1ρ1

⌉
=⇒ 3σ2

∇cη1ρ1
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Combining (98) – (100), one has

E[Sk+1][ρ
2
k+1∥P(c(xk+1))∥2] = E[Sk][ρ

2
k+1∥P(c(xk+1))∥2] ≤ Mρc.
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The induction is complete.
Note that (95) implies (92). Indeed, kρc is independent of k and there are only finite

number of iterates for k ≤ kρc, hence one can choose

M ′
ρc = max

k∈[kρc]
{Mρc,E[Sk][ρ

2
k∥P(c(xk))∥2]}

such that (92) holds. As a result, the inequality (50) in Lemma 4 holds here. Moreover,
one can verify that the assumptions assumed in Lemma 4 are also assumed here, and the
requirements (91) imply requirements (49) in Lemma 4. One is able to apply the result in
Lemma 4 here, which gives the desired result.
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A Transforming (77) into LPs.

Introducing a dummy variable v ∈ R and replacing strict inequalities by nonstrict in-
equalities, one is able to obtain an optimal choice for the orders (rη, rρ, rω) by solving the
following linear constraint problem, which is

min
rη ,rρ,rω ,v

v

s.t.



1 0 0 −1
0 2 1 −1
−2 2 −1 −1
0 −2 0 −1
−2 2 −1 0
−1 1 0 0
−2 0 −1 0




rη
rρ
rω
v

 ≤



1
0
0
0
0
0
0


,

rη ≥ 0, rρ ≥ 0, −1 ≤ rω ≤ 0.

By calling a MATLAB solver, one obtains an optimal value of -1/3 with a solution rη =
2/3, rρ = 1/6, rω = −2/3, v = −1/3.
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