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A Quadratic Penalty Method for Nonconvex Stochastic
Constrained Optimization

Lingjun Guo

1 Introduction, notations and algorithm

1.1 Introduction

Consider an equality- and inequality-constrained problem with m € N constraints. Let the
set £ C [m] be the index set for equality constraints, and the set Z C [m] be the index set
for the inequality constraints. Suppose ENZ = 0 and £ UZ = [m]. We aim to solve the
following problem
min f(z) = Bgs[f(2,¢7))
s.t. ¢i(2) = Ege[Gi(x,£°)] = 0 for all i € £, and (1)
cj(x) = Bee[cj(x,£7)] <0 for all j € Z.

By stacking the scalar functions ¢; for all ¢ € [m] together, one obtains a vector function
¢ : R" — R™ where its ith element [¢]; = ¢;. Suppose the functions f : R” — R and
c: R" — R™ are smooth functions with Lipchitz continuous gradient. Samples (ff ,E€9)
are draw from two o-algebra =/ and Z¢, equipped with probability measures, respectively.
Moreover, define a function P : R™ — R™ where its ith element, for all ¢ € [m], is defined
by

P = {M’ ies
max{0, [c|;} ,ifieZ.

For any constant p € R, the quadratic merit function at x € R" is defined as

(2)

my(z) = f() + ElIP(e(@))]*

For i € €, from the definition in (2) and the chain rule, one has the derivative

c(x))li 2 cli 2
AP’ — A — 5(7[e());)[e(x)):i



max{0,[c];

For j € Z, from the chain rule and the fact that %‘M _o =0, one has
=

d([P(c(@)];)? _ dmax{o,[d;H? _ ) On f [e(z)]; <0,
a & 2(Vie(@)]))le()]; i [e(2)]; > 0.

As a result, one has the derivative of the function P(c) with respect to z to be

V(IP(e@Nl®) = V(Y IP(e()))il?)

1€[m]
=Y VUIP@)l*) + Y VUPe));])
€€ JET
=>2Vie@))le@li+ > 2VIe(@)])le)];
€€ JETL,[c(x)];>0
= 2Ve(x)TP(c(x)).

Hence, the gradient of Vm, at x is

Vimy(z) = Vf(z) + pVe(z) Plc(x)).

Given scalars (ry,7,,7,) € Ryg x Ry x R, scalars (n1,p1,w1) € R2,, and define

sequences {ny bken, {Pk e, {Wk+1tren as

e =mk™", pr = p1k™ and w1 = wik™.

Definition 1. Let x¢, € R" be a random variable depending on ;. Then z¢, is called
an e-stochastic-stationary point of the constrained problem (1), if there exits a random

variable A¢, € R such that
E(e, enllIVF(ze,) + Velze,) e, | + P (c(we, )| + A Ple(ze,)I] < e

1.2 Algorithm and Notations

An algorithm for solving (1) is given below.



Algorithm 1 Partial Variance Reduced Penalty Method for (1).

Input: initial point 1, maximum iteration K, sequences {pg, Nk, wk tren given in (3).
1: Draw samples S = (f{,ff,{f). Let Cy = ¢(z1,&§) and compute

dy = VF(1,&]) + pr[Vela, &) P(Cy).

2: fork=1,--- , K—1do B
3: Compute xp11 = T — Nid.

4 Draw samples Spi1 = (&1, 1,6, 1,60,1)-
5: Compute

Cr1 = (@41, €igr) + (1 — wit1) (Cr — &(2k, ig1)
6:  Compute dy+1 = Vf(lfk+17§£+1) + P41 [VE(@rs1, EL )] P(Chpa).-

7: end for X
Output: 7, where K is uniformly random from {1,---, K}.

Notations: Let N be the set of natural numbers. For any m € N, define the set [m] =
{1,---,m}. For any scalar pair (m,n) € N2, let R" represents a n-dimensional vector space
and R™™ ™ represents a n-by-m-dimensional matrix space. Define R,y = {z € R:z > 0}
and define the set R in a similar way. Define 0,, € R™ be a m-dimential zero vector. For
any m-dimensional vector v, let [v]; represents the jth element of v for any j € [m]. We let
| - || denote the vector/matrix two-norm on finite vector/matrix spaces, respectively. For
any x € R, we let |z| represent the absolute value of z. For a vector function ¢ : R" — R™,
define the Jacobian of ¢ to be the function Ve : R® — R™*™. For any k € N, we define the
set S = {f,’:,f,‘g,ﬁg} € B/ x B¢ x Z° to be the set of samples drawn at the kth iteration.
Define the set [Sg] = UF_,S; to be the total samples drawn up to (and including) the
kth iteration. For any two nonnegative sequences {iu}ren € Ry and {vp}ren € R,
we say p = O(vy) if there exists a scalar pair (K, M) € N x R_, such that pu < My
for all k > K. We say p, = O(vy) if such scalar pair (K, M) ensures py, < M (log k)vy,
for all k > K. Let 1 € R™ be any initial point for Algorithm 1, and unless mentioned
specifically, we assume all the expectations used in the paper are conditioned on z1, that
is E[-] := E[-|z1].

2 Analysis

2.1 Assumptions

We make the following assumptions.

Assumption 1. There exist positive constant pair (Ly¢, Ly.) € R2>0 such that the objective



function f has Ly s-Lipschitz gradient, and the constraint function ¢ has Ly.-Lipschitz
gradient.

Assumption 2. There exist constants (kyy,Kc) € R2>0 such that for any z € R", it holds
IVf(@)ll < rvy and [[e(z)]] < e

Assumption 3. For any x € R™, the following holds
V(@) =Eg [V &), Ve(r) = Ees[Ve(r,€7)) and c(x) = Eeele(x, £°)].

Moreover, there exist constants (dy ¢, d¢, dve) € Rio such that for any = € R”, it holds

Ees |IVF(2,¢7) = VI @)I?] <8,
Ees [|IVe(x,67) = Ve(@)|?] < 63 and Eee [[le(, €°) — e()]|?] < &2
Assumption 4. There exists a positive scalar Lz > 0 such that for any (z1,x2) € R” x R",

it holds
Eee [lle(x1,£%) — (w2, £)|°] < L2||lw1 — 22>

Assumption 5. There exists a positive scalar oy, > 0 such that for any x € R™, one has
[[Ve(@)]"P(e(x))]| > ovellP(c(@))]-

Remark 1. When there are only equality constraints, i.e., [m] = &£, one can observe that
Assumption 5 is weaker than the strong LICQ for equality constraints. When there are only
inequality constraints, i.e., [m] = Z, then Assumption 5 can be implied by the following
three assumptions:

1. For any e > 0, there exists a scalar o(e) > 0 such that for any x € {x : [|P(c(z))|| > €},
it holds
[V e(@)]"P(e(@))ll = IV IPe@)*)]| = o(e).

(Infeasible points are non-stationary points of the function || o ¢[|?!)

2. Strong LICQ at active constraints.

3. x is bounded.

2.2 Comparison with other works
2.3 Worse-case complexity

Lemma 1. Under Assumptions 1 — 3, let {zx}ren be the iterates generated by Algorithm
1 when K = oco. In addition, suppose the parameters (n;, p1) satisfy

pr=12=>mn. (5)



stochastic constraint convexity CcQ T € as prior complexity
[1] equality nonconvex Assumption 5 r1 €X No O(e™®)
2] equality nonconvex Strong LICQ xr1 € R™ Yes O(e7)
. < -
[3] inequality nonconvex Assumption 5 [C]Jv(fle)f 0 Yes O(e™™)
inequalit; weakly-convex  Slater-type C 1 €X Yes O(e™®
Yy Y Y.
Ours equality, inequality = nonconvex Assumption 5 x, €R™ No O(e™%)

Table 1: Comparison with other algorithms. CQ represents constraint qualification, and LICQ
represents linear independence constraint qualification. X represents a closed convex set. € represents the
output error on the right-hand side of Definition 1 for inequality case, while removing the [|A{, P(c(x¢))|l
term for equality case. Requiring € as a prior means that one needs to choose various algorithm parameters
depending on € before running. The complexity represents the sample complexity. All the above algorithms
require the Assumption 3.

Moreover, define scalars

kive = \/ 0%, + L2, Lypocz = 2L + 2kcLye, and Lym, = Lyg + Lypoc|2- (6)
For any k € N, define 3
dcy, = Eis [Cx — elzi)|?). (7)
Then, one has the following.

(1). For any z € R", it holds ||Ve(z)|| < Lz and ||P(c(x))||? < k2. Moreover, the function
P is 1-Lipschitz continuous, the function [P o ¢|[* has Ljpo|2-Lipschitz continous
gradient, and the function m,, has an Ly, px-Lipschitz continous gradient.

(2). For any k € N, it holds

ESk[HVE(xkvka)HQHSkAH < f@zvé, and (8)
Eis,) [1dell”] < 2Es, [V, (z)|%] + 603 + 65%:p70c,
+ 603 . piE s [P (cla)) 7). (9)

Proof. We first prove item (1). For any (z1,z2) € R" x R”, from the Assumption 3,
convexity of vector squared two-norm, Jensen’s inequality and Assumption 4, one has

(1) = e(x2)|? = [|Bee[e(w1,£) — &(xa, )]
< Eeel|[e(1,£) — e(2,£%)|1%)
< Bee[LZ||1 — 22]?)
= LE|la1 — a2,

which shows that the function ¢ is LgLipshitz continous. Since ¢ is differentiable by
Assumption 1, we have that for any x € R™, it holds ||Ve(x)|| < Lz. Next, we show that P



is 1-Lipschitz continuous. For any (c1,c2) € R™ x R™, from the definition of P in (2), one
has

IP(er) = Ple2)* = D (IP(er)i — [Ple2)]i)?

1€[m)]

= (lea)i = [eali)® + > (max{0, [e1];} — max{0, [ca];})*.

i€E jez

(10)

Observe that for the last term on the right-hand side of the last line of (10), for any j € Z,
one has

([ealj = [eal)?, if [er]j > 0,[e2]; > 0
sl 0L e 13— mmencf0, Tt 2 — 3 ((e2l)?, if [e1]; <0, [ea]; 2 0
(maat0, lenls} 10,2} ([ea];)?, if [e1]; 2 0,[e2]; <0 (11)
0, if [Cl]j <0, [CQ]j <0
< (lea]y = [e2]y)
Combining (10) and (11), one now has
IP(cr) = Plea)ll” < D (leali — [eali)® = llex — eal|?, (12)

i€[m)]

i.e., the function P is 1-Lipschitz continous. Moreover, from (12) and Assumption 2, for
any x € R", one has

IP(c@)? = 1P(c(x)) = POm)II* < lle(@) = Oml|* = [le(2)]|* < #2. (13)

Next, we give a Lipschitz constant for V(||P o c||?). For any (x1,72) € R® x R", by
adding, subtracting a term, the triangle inequality and submultiplicity, one has

V (IIP(e(z)]?) = V (IIP(e(2)) %)
= 2||[Ve(x)]"P(e(a1)) — [Ve(z2)] Ple(az))l|
= 2[|[Ve(z)]"P(e(a1)) — [Ve(z)] P(e(x2))
+ [Ve(@)]"Ple(xz)) — [Ve(z2)] Ple(az))|
< 2[[[Ve(@)[IP(c(z1)) = Ple(z2))l
+2[[Ve(z1) = Ve(z) [P (e(22))]]-

From that P is 1-Lipschitz continous, ¢ is Lz-Lipschitz continous, Assumption 2 and (13),
one has

T2

2 (14)

2[|[[Ve(z )P (e(z1)) = Ple(@))ll + 2IVe(zr) — V() [[P(e(x2)) ]
< 2Lelle(z1) — e(x2) || 4+ 2Lvellzr — w2|ke
S 2L%||331 — CCQH + QKCLVCHLL’l — IITQH

= Ljpoc|zllz1 — 22]|-



On the other hand, from the additivity of Lipschitz constants and p; > 1, one has that the
function Vm,, has a Lipschitz constant which is at most

Lyy + 3oLypociz < Ly + pkLypocj2 < pk(Lvy + Lipoc|2) = Lvm, pk-

Second, we prove item (2). By adding and subtracting the term Vc(zy), the expansion
of quadratic functions. With Assumption 2 and 3, one has

Es, [IVe(ar, &)1 [[Sk-1]]
= Es, [[|Ve(zr, &) — Ve(@p)|?|[Sk-1]] + Es, [ Ve(@e) 1] [Sk-1]]
+ 2B, [(Ve(a, &) — Ve(ar) V()| [Se-1]]
< 0%+ ke, 4+ 0 = ki
Hence, (8) is proved. Before proceeding to show (9), we prove a useful inequality. For any

[ € N number of vectors v; € R™ where i € [l]. From the convexity of the squared norm
and Jensen’s inequality, one has

I I I I
1 1
||7ZV1'H2 < 72 il = 1> will® <) il (16)
i=1 i=1 i=1

=1

By adding and subtracting a term, (16) with [ = 2, the linearity of expectation, one has

Eis, [1dkl”] = EgslIVmp, (zx) + (di — Vimg, (zx)) %]
< 2B, [[[Vmp, (21) 2] + 2B s, [lldi — Vi, () ||7). (17)
For the second term in the line (17). Again, by adding and subtracting a term, (16) where
[ = 3 and the linearity of expectation, one has
215, [l dr — Vi, (24)]1%]
= 2E;s, [1(VF(zi; €]) — V(ar) + pr ([Ve(zr, )T (P(Cr) — Ple(xr)))
+ pi, (Ve(an, &) — Ve(zy)) P (e(xr)) 1) (18)
< 6B;s, [Il(VF (@r: €L) — V(@) [1P] + 68E s, [I[Ve(zr, &I (P(Cr) = Ple(ar))[1]
+ 63 s, [(Ve(zy, &) — Ve(zr) T Ple(zi)) %)

Next, we bound the three terms on the right-hand side of the last inequality in (18). From
Assumption (3) and conditional expectation, one can conclude that

6 5, [l (VF (2 &) — V f () |1’

T f 2 2 (19)
- GE[Skfl][ESk[H(vf(xhfk) = V(@) HS]g—l]H < 65Vf'



Note that the iterate zj only depends on the initial point z; and samples [Si_1]. Hence,
when conditioned on z; and [Sk—_1], the random variables Vé(a:k,é’k‘] ) and C} are inde-
pendent since since they depend on two i.i.d. samples, f,‘cj and &;, respectively. From
submultiplicity, conditional expectation, and the aforementioned independence. Also from
the Lipschitz constants for P and (8), one has

60 Egs, [V e(ar, )] (P(Cr) — Ple(zn) %]
Es, [IVe(@r, €)IPIP(Cr) — Ple(zm) I1?|[Sk-1]l]

< GP%E[&C 1] [ )H
= 6prE(s, |[Es, [IVe(@r, &)1 [[Sk—1]1Es, [IP(Cr) — Plelze)) ]| [Sk-1]ll  (20)
< 6pFE(s, ) [kYcEs, [|Ck — c(zp)]1?|[Sk-1]]]

= 652%0%@-

Similar to the independence argument for (20), for the last term on the right-hand side of
the last inequality in (18), one has

601 s, [(Ve(@r, &) — Ve(ar)) P (i) ]
= 6piEs, )[Es [ Ve(ar, &) — Ve(z) |2 P(e(zn)) 7] [Sk-1]]
< 60iEs, ] [Es, [0%c ] P(c(wr)) ] [Sk-1]l]
= 603crRErs 1P (c(ar)) ]
Combining (17)—(21), one has

Eisy) [Idill?] <2Eis, [V, (22)[1%] + 663 + 6x%z0idc, + 60300k Eis, [P (c(ar))II).

O
Lemma 2. Under the Assumptions 1 — 4, if the nonnegative sequence {wy }ren satisfies
w1 < 3 and wiyg > T2L2K% 0 p3. (22)
Then, for any k£ € N, one has
0Cusr < (1= wip1) by, + Bwi 102 + 3605  L2n; (23)
+ 1202 Es, [V, (w4) %) + 36 L6 i pi Eps,y [ P(e(an))[I7).
Further, suppose
max{—1, —2r,} <r, <0. (24)



Let scalars (rj, K, M/fg,ﬁl,MSK) ER_( X NXxR_§ xR, 5 xR, satisfy

riy = maX{Tw, _7'77}7 K > kg = |VTW+\1/ 42(7“&0&)—127“77) y

K 2 2
Mpc > vr’?e%l)g]{l,E[Sk][pkHP(C(wk))H ]}7 (25)
77 > 30262 + (3663 ;L2 + 24L2k% ; + 24L% + 36L26%,)n, and

7‘-*)1

K < ro—2r; 272 K
M; Zmax{éckgkg SEIM .

Then, one has R
0c, < MEER™"%2" for all k € [ks, K]. (26)

Proof. First, one verifies that kj is well-defined when (24) is given. Indeed, from (24), one
has
Ty +1>0and r, — 2r5 = min{—r,, 7, + 2r,} > 0.

Hence, kj is well-defined. Second, for simplicity of arguments, in this lemma we use a

random vector vg41 € R™ given by

Vgt = (1 — wipr)(c(@n) — e(xg, §p11)) — c(Trr1) + S(Tha1, §fyr)-

Recall the variance reduction formula Cyy1 = &(zpy1, &5, ) + (1 — wpr1)(Cr — 7k, §51 1))
and by expanding a quadratic function, one has

Esp ] IChr1 — c(@ps1) 1]
= Eis,, ) lle(@rsr, &) + (1= wpp1) (Cr — &k, §i1r) — c(@pan)|1?)
= Es, [ (1 = wrs1) (Cr = c(m)) + vrsa]?] (27)
= (1 — wps1)°Eis, ) [ICk = (@) IP] + Bisy, ) [lvesa %]
+2(1 — wp1)Es, , [(Cr — c(ar) T opp]-

Next, we bound the last two terms on the right-hand side of the last equality of (27).
For the last term, from the definition of vg 1, the linearity of expectation and conditional

10



expectation, one has

Eis, 1 1[(Cr = c(@) T vp41]
= (1 — wps1)Bis,, ) [(Ck — (@) (clar) — ek, Eiyn)]
+ Bis, ] [(Ck — (@) (8(@ng1, § 1) — c(mrsn)]
= (1 = wir1)Esy [Esyys [(Cr — c(@r)) (clan) — (@, £611)]|[Sk]
+ Eisy[Es [(Cr — c(@) T (6(@ps1, &y 1) — (i) |[Sk]]
= (1= wir1)Es, [(Cr — clan)" (clar) — c(x)]| S]]
+ Eis [[(Ck — (@) (c(@ha1) — c(mpr1) | [Sk]]

(28)

=0.

For the second-to-last term on the right-hand side of the last equality of (27), by rearranging
terms, (16) with [ = 3, Assumption 4 and Lemma 1, one has
Eisypi][lver1l’] = Eis, 1l (clwr) — e(znin)) — wip (e(zn) — ean, &)
- (E(xkagl(é+l) - E($k+1afl§+1))uz]
< 3E(s,,llle(zr) — c(zra)[”]
+ 3wi 1 Epsy ) [lle(ar) — elar, &40 1%]
+ 3Es,, yllle(en, €641)) — ewrr, €4a)|°] (29)
< BLZEs,, ek — Trs|?]
+ 3wi 11 Esy [y [lle(@n) — e, &)1 |[Skl]
+3L2E(s, llzk — T ])?]
< 6LIneE s, , ) [[|dkl1*] + 3wii 162
Combining (27), (28), (29) and (9), one has

001 = Eisy )l Chr1 — c(@ign)[I°]
< (1 = wig1)’Egs, ) [1Ck — (i) 7] + 6LangEys, . o) [l dil1?] + 3wi 162
< (1= wig1)?0cy, + Bwiy 162 + 365% ;L2 + 36 L2k amiprdc,
+ 120207 s, [V, (21) 17) + 36 L25%cnit piEis, [ P (c(a)) |17]
= ((1 = wrs1)® + 36LEk2 i 01 doc, + Bwiiy 10z + 365Vch77k
+ 1220 s, [V, (1) |1%] + 36 L2635 cni prBis, [P (e () |17)-
Lastly, from (22), one has

(30)

(1 — wir1)? + 36 L2RG My = 1 — 2wi1 + Wiy + 36LERTanip,

<1 —wgta-

11



Combining with (30), one has (23) as desired.
Next, one aims to prove (26). Before that, one derives a useful inequality. That is, for
any (k,y) € (0,00) x (0,2), it holds
(1+9) " >1— sy, (31)

To see this, consider the scalar function ¢g(y) = (1 + y)™" + ky in the domain (0,2). The
derivative of g is ¢'(y) = k — k(1 + y) ™!, which is an increasing function in (0,2) and
gives that ¢/(y) > ¢'(0) = k — k(1 +0)7%"1 =0 for all y € (0,2). Hence, we have that the
function g is nondecreasing in (0, 2), i.e., g(y) = (14+y) " +ry > ¢g(0) = 1 for all x € (0, 2).
Rearranging terms gives (31).
Combining submultiplicity, inequality (16) with [ = 2, and Assumption 2, one has
IV (zi)I? < 1V F (@) + pr[Ve(a)] Ple(ar))|?
< 2|V f (i) I* + 205 [V e(ar)] P e(zn)|1® (32)
< 202y + 212 [P lelan))|
Combining (32) with (23) — (25), one has the following for all k € [k;, K]

0c s < (1 —wiy1) ey, + 3w 162
+ (3608 ;L2 + 12L2(2k% ; + 2LEM ) + 36 L20G M )n;
= (1 —wgs1) Sck + 35gw%k2m
+ (3608 ;L2 + 12L2(26% § + 2LEM ) + 36 L20% .M\ )nik ™" (33)
< (1= wit1) ¢y, + 302w MK
+ (3609 ; LZM S + 12L2 (26 (MY + 2LEM ) + 36 L2658, M )ik
< (1= wig1) by, + T MK,

where the second-to-last inequality uses M /fg > 1. Next, one proves (26) by induction, with
the base case k = k. For the base case, from the requirement of Mj in (25), one has

Tz S K IS Tw=2r 207y p K —rw42rg _ 3 rK L —rw+2r;
oc, = 60’“5 < 6Ck3Mpc < max{égkgkg m T;}Mpck TwT 2T — MS fT T
Hence, the base case holds. By induction, one assumes that there exists a k > k5 such that

~ =221 K
(26) holds. Then, consider the value of d4;. Combining (26) and that MSK > % in
(25), one has ) )
Opy1 < (1 — wlkr“) O + ﬁ%M;ngTﬁ

< (1 —w k™) MEE20 4 i MR

=2 A1 K
_ VK p—ret2ry _ _ miMpe K 1.2r;
=Mk <w1 773 M;'k

S Msl{k—rw-‘rzrﬁ _ %OJlMgKkzrﬁ.

12



Recall that it is assumed 7, — 275 > 0, and we have that % € (0,2) for all £ > 1. Combining
with (31), one has

Mgl{(k + 1)_Tw+2Tﬁ = Mgf(k_""w‘i‘}f‘ﬁ (1 + %)*TW+2T,7
s e (1 .
- MSKk_mHTﬁ — (1o — 2r3) MSK]{;—Tw—i-%;,—l.

On the other hand, since k& > k:g and r, +1 > 0, one has

rw+1 Z(TW72T,7) w1 —ry—1
k Z |7 w1 2(11‘,727‘77) Z k

= S MERY > (ry — 2rg) ME K2 (36)
Combining (34) — (36), one has
Fin < ME(k 4 1)t
The induction is complete. O

Remark 2. We have a few observations for this lemma.

1. The result in (23) is not tight when there is no noise on ¢, due to the analysis strategy
used in (29). That is, instead of having the following bound for Es, , ,j[llvk-1|?]

Esy llloesll]
=Eis,,ylll(clzr) = c(@rgr)) — wipa(c(@r) — 8@, £41)) — (@(@n, &) — e, Eian)|1?)
<BE(s, ,yllle(@r) — &@n, )P + 3wi 1 Bispllle(@r) — e, £ 41) 1]
+ 3Eis, ) lle(@rr1) — E(@pets &) |17

<662 + 362, which is zero when 8. = 0.

(37)
It uses what is shown in (29). The analysis strategy used in (29) is standard in
variance-reduction type methods, and indeed it gives better bounds when §, # 0.

2. Tt is not a conventional approach to obtain (26) by giving a constant bound for
Es, (P2l P(c(@i))|1?], Eis [l Vmy, (zx)]|?] and applying it later. However, we remark
that such handling here does not lead to a relaxed result as long as dy. # 0 or
dvs # 0. One can observe that when dy. # 0 or 0y # 0, the right-hand side of (23)
is around

(1 = wit1) Oy, + 3wi 10z + O(;) + 12L207Es, [|[Vimy, (a)|°]. (38)

13



Hence, bounding Es, [||Vm,, (2x)||?] by a constant does not give a worse result. How-

ever, when dy. = 0 and oy = 0, i.e., the right-hand side of (23) is
(1 - Wk—i—l) SCk + 3“}1%+152 + 12L%771%E3k [vapk ('Tk’) ”2]7

bounding Es, [|[Vm,, (zx)||?] by a constant will give a worse result. One should use
the conventional potential function approach to derive a better complexity result,
which is explained after Lemma 4.

3. From the above point, one can draw a conclusion that when dv. # 0, dv. # 0 and
dvs # 0, performing variance reduction separately to (¢, Vf) or to (¢, Ve) does not
give a better complexity.

Lemma 3. Under the same assumptions as assumed in Lemma 1. In addition, suppose the
sequencs {nk }ren, {pk ren satisfy
2

P < min{ gro—, gricy—} for all k € N. (39)

Then, one has

E[3k+1] [mPkH (‘rk‘f‘l)]
< B (Mo (@1)] — 3mE (s, [V, () 1] + 3Lwm, 0% p1iok (40)
+3L2mpidcy, + (2785 + 3Lom, 0%cepd) Esy) (I P (clar)) |
Proof. We first explain that (39) is compatible with (5). Note that (5) requires n, < 1 < py.
One can first choose any p; > 1, then fix p1, and choose an 7; that is positive but no larger
than the real number one and no larger than the right-hand side of (39) divided by ps.
Recall the update 41 = xp — Mids and the function m,, has Ly, pi-Lipschitz conti-
nous gradient. Taking the total expectation on both sides of the Taylor’s expansion of the
merit function m,, at xj, one has
B [mp (2r41)]
= E[Sk][mpk (xk — nkdk)] (41)
— Lym, 2 — 2
< Eisy [mp, (1)) — meEis, [Vmg, (@)] di] + =52 R B, [||di || 7]-
Recall that d = V (g, f,{)—l—pk[VE(a:k, &N)TP(Ck). And from a similar argument for (20),

one has the random vectors V f(xy, 5,{), Veé(zy, &), P(Ck) being independent when condi-
tioned on z7 and [Sk_1]. From conditional expectation, the aforementioned independence
and Assumption 3, one has

— eBis [[Vmy, (zx)]" di]
= — mE(sy [V, (20)] T (VF (2, &) + prlVe(ze, )T P(Cr))]
= — s, [Es [Vmp, (@0)]T (VF(wr, &) + prVe(zr, §)1TP(C))|[Sk-1]l]
= — meBsy [V, (x0)]T (V f(21) + pe[Ve(z)]TP(Cr))).

(42)
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By adding and subtracting a term pg[Vec(xy)]T ¢(xr) on the last line of (42), one has

— s [V, (xx)] " dy
= — mBsy [V, (xe)] (V f (@) + pe[Ve()] P c(xr)))]
— kB s, [V, ()] (pr[Ve(@n)]" (P(Cr) — P(c(x1)))))
= — s [IVm, (20)11°] = meprEisy [V, (z)] T [Ve(an)]T (P(Cr) — Ple(zi)))]-

(43)

From submultiplicity, ||Ve(xg)|| < Lz and P is 1-Lipschit continous shown in Lemma 1.
Combining with Young’s inequality, for the last term on the last line of (43), one has

= oy [V, (20)]T [Ve(ar)] T (P(Cr) = Pe(ar))]
< MeprEis VM, (@) [[Ve(zr) [P (Cr) — Ple(a)]

(44)
< MeprLeBis ) [I[Vmp, (2e) [[Cr — c(r) [l
< 1B [IVmp (i) 7] + 2L2mpiEisy (| Cr — e(a) 1%)-
On the other hand, from the definition of the merit function, one has
Eis)[Mprs1 (2541)] = Esy (M, (@r00)] + 5 (k1 — po)Eis g [IP(cl@i)[?] - (45)

Next, we give an upper bound for py; — pi. Consider an auxiliary function g : R.; — R
defined as g(y) = y®. From the mean value theorem, there exists a scalar k € [k, k + 1]

such that ( )B 5

k+1)°7 —k dg ~5.1

k+1)f—pkf=r—_ -2 = BkPL.

( ) (k+1)—k dy y—F

When 0 < 3 < 1, from the fact that the function y®~! is nonincreasing, one has
B}%B—l < Bkﬁ_l < 2ﬂ+15k5_1'

When 8 > 1, from the fact that the function y®~! is nondecreasing and that k 4+ 1 < 2k
for all k£ € N, one has

BEPTL < Bk + 1) < p(2k)PT < 20T gAY

Combining both cases for the value of 3, we have (k + 1)% — k% < 26+13k8-1 and

5 (o1 — pr) = 3 ((k +1)F - kﬁ) < 208K~ py = 27 g8E. (46)
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Combining (41) — (46) and the bound for E[sk][HCijQ] in Lemma 1, one has

Eis) [mpk+1(xk+1)]
= Eisy[mp (@i41)] + 3(ok41 — o) Egs [P (c(@i) |1
< Eys,) [mpy (2k)] — SmiEis, [ Vi, (2) 7] + 2L2nkpioc,
4 Lmgotigy o 11dk]]+ Lokt — o) Egsy [P (elae)) )
< By (Mo, (@)] = SmEis, [IVmg, () 1] + 2L2mkp70¢,
+ 2P BB E s, (1P (c(ap))|2] + TP (9B, [V, (1))
+68% ) + 6x%ap70c, + 652,03 Es 1P (e(ai)) %))
= Es[mp (1)) = (3 = Lom, penie) kB (s, [V, (21)]]%]
+ 3L, 0%y pk + (2LZ + 3Ly, Kok Pk ) kPROC,
+ (27885 + 3L, 02} Eisy [P (c(an)) 12).

From (39), one has

(47)

3 1
1~ Lvmiprnk 2 5

(48)
2L2 + 3Lvm, oanepr < 3L2

Since the iterate zjy1 only depends on the initial point x; and samples [Sg], one has
Eis [Morir (@rr1)] = Esyyy) [Mprsr (241)]. Combining with (47) and (82), one has (40)
as desired.

O

Next, we are going to show that there exists a choice for the sequences {ny }r, {px } &, {wk }x
such that one is able to obtain the lower-bound worst-case complexity. To focus our at-
tention on arguing the lower-bound worst-case complexity, we make a heruistic regarding
Eisyllle(zr)[1?].

. oy 3
Lemma 4. Under Assumptions 1 — 4. In addition, suppose the scalars (11, p1,w1) € R
satisfy

>, <1, w = 72L%/§2va7ﬁp% and

. 1 L2 1 (49)
mp1 < mln{4Lvm1 ) 3LVm1/‘€2v5’ 12LE”VE}'
And assume there exists a scalar M. > 0 such that
M < M), for all K € N. (50)
Then, the scalars
(Tmrpvrw) = (%7é7_%) (51)
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is the optimal choice such that inequalities (5), (22), (24), (39) hold, and the point x is
an e-stochastic stationary point of (1) with the lower bound worse-case sample complexity,
when {Es,] [m, (zx)]}ren is bounded below. Specifically, in at most O(e %) number of
iterations and with access of at most O(¢~%) single datapoints, i Will satisfy

Eis(IVf(zg) + Vel g) Al + 1P (el )l + NG Ple(z )] < e,
where A\ = ppP(c(xy)) € R™.

Proof. One first verifies or gives conditions under which the sequences {n }ren, {pk tren,
{wi+1 ke satisfy (49) will give the inequalities (5), (22), (24) and (39). Recall that those
inequalities are

pr> 1>, wepn > T2LERGNR0E, Wi < 3, (52)
. L2
Nepr < naua{uéml , 3LVm°152v7} and max{—1,—2r,} <r, <0. (53)

One can observe that the first two inequalities in the first line of (49) give the first inequality
n (52). The second inequality in (52) is

Wisr = wik™ > T2LERG g pf = T2LERGenipik T, (54)

which, when k = 1, requires wo = w1 > 7 2L%/§2v5n%p%, and is satisfied by the last equation
in the first line of (49). In order for (54) to hold for large k, one requires

Tw > —2ry + 21)p, (55)

and one can verify that with the last equation in the first line of (49) and the inequality
(55), one has (54) hold for all k. To ensure the third inequality in (52) hold for large k,
one at least require

Tw <0, (56)

and one can verify that with (49), it holds for all k£ that
wi1 < wi = T2L2RGan1pT < 5.

Via similar arguments, one has that in order for the first inequality in (53) to hold, one
requires
r+ 1 <0, (57)

which with (49), it holds for all k. The last inequality in (53) gives a requirement for
(ry,7p,rw) explicitly. Combining (55) — (57) and the last inequality in (53), the inequalities
(52) and (53) hold for large k requires

rw < 0,1y > —=2ry + 21y, —ry + 7, <0, and max{—1,-2r,} <7, <0, (58)
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which, combined with (49), ensures (52) and (53) to hold for all k.

Suppose (58) is satisfied for scalars (ry,r,,r,) used here, and in fact, one can verify
that (51) satisfies (58). As a result, the assumptions and requirements for Lemma 1 —
Lemma 3 are assumed and required here. Next, one applies Lemma 3. From the fact that
the seqeunce {7y }ren is nonincreasing and that the output x is uniformally chosen from
{zx}X |, one has

K K
S S 1Vmp @ollP) = diie - By [0 () 7]
k=1 k=1
« (59)
= %KHK (Il( ZE[SK_H[”vak(xk)HZ])
k=1

= K TR [V, (25|
Combining (50) wit the definition of ML in (25), one has
M/
Es, [P (c(ze))|IP] < -5 for all k € N. (60)

Combining (60) with the inequality (40) in Lemma 3. Summing from k = 1 to K, rear-

ranging terms, combining with (59) and multiplying 2K “— one both sides, one has
ExllIVm,, (z )]

<(Eis,) [mpy (1)) = Esyep] [Mpreys (@rcn) ) K771 (61)

6L, 62 K 6L2 K

Vm — Z — <

+ TIWKT" ! Z TPk + KT ! Z hPROC, (62)

k=1 k=1

2B+ Mpe 6Lvm, 0. My

S SR S

k=1

For the line (61). Since the initial point z; is chosen before the algorithm runs, one has
that the value E(s ) [m,, (71)] is given, hence bounded. As a result, when the sequence
{E(s,.1] [7prs1 (€h41)] Jren is lower bounded, one has that the value

(Eis] [mpo (20)] = Eisyepq] [Mogei (€ 41)]) is uniformly upper bounded for all K. (64)

On the other hand, note that py = p1k"» with r, > 0. For the second-to-last term in (63),
one has that the term ﬁ has an order that is no larger than —1. Hence, one has the
summation

=

K

K1 N
Zﬁgpi 1727 O(log K) = O(1). (65)
k=1 k=1



Next, one bounds the summation Zle n?pr which appears in the first term in (62) and
the last term in (63). One has Zszl npE = Nip1 Zsz1 k=2*7» and the following two
cases. When —2r;, +r, > 0, one has

K K
> ke < / ke dl = ol (K 1) B2 ORI (66)
=1 k=1

where the last equality uses 1 — 2r, + 17, > 0. When —2r, + 1, <0, one has

K K K
E:kmm+m::14—§:k”n”9521+:/ k=2t Te . (67)
k=1 k=2 =

And further

K
1+ / k=2 tre g
k=1

1 _ .
- {1 + gy (K2 — 1) if = 2y 47, € (—00,=1) U (=1,0]

1+InK Jif —2r) +r, =1
. . (68)
71_%1””[)}(1 Zratreif —2r, 41, € (—1,0]
S ].—m ,if—2r77—|—rp€(—oo,—1)
1+InK Jif —2r) +r,= -1
Kzlé(l +K1—2n,+rp).
Combining (66) — (68), one has
K
> mipk < O(1+ K'72mHre) when K > 1. (69)
k=1

Next, we consider the last term in (62). Note that Lemma 2 defines two real scalars k5 and

M SK in (25), where k; only dependes on the values of (ry,r,,7.), hence is independent of
K. From (25), M 5K dependes on upper bound of 7j; x which relies on upper bound of M jg,
hence M SK relies on upper bound of M /fg . Since (50) assumes an uniformly upper bound
of M [fg, one has that M SK is also indepndent of K. To indicate the independence, one use
M; to replace M[SK here. As a result, one has scalars (kz, M) € N x R such that

o < Msk™"<2" for all k > ks, where rj; = max{re, —ry}.

Since k; < oo, one has the existence of a scalar M é such that

o < Mék‘rw“’“ﬁ for all k> 1.
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As a result, one has

K
Z nkngck <M 771P1 Z L~ rn+2r,—ru+max{2ry,—2r,}
= k=1
K
K§>1 (’)(Z kmax{rw—rn+2rp,—m—3rn+27»p}) (70)
k=1

K>1
< 0(1+Kl-i—max{?“w—rn+2rp,—rw—3rn+2rp}).

Combining (59) — (70), from the convexity of the squared norm, Jensen’s inequality, one
has

EisalIVmp ()11 < Eis IV (2)]1°)
Kz>1 @(Krn_l+K—rn+rp+Kmax{rw—‘rer,—Tw—27“n+27“p})
rp—1 —rp+r, max{ry,+2r,,—rw—2r,+2r,}
< O((K™Z +K 2 +K 2 2

Taking square roots on both sides gives

- rp—1 —Tp+Tp max{ro+2r,,—7rw—2ry+2r,}

EsglIVm (zp)] € O(K™ 2 +K~ 2 +K 2 )- (71)

On the other hand, we give a bound for E(s,[||P(c(x))|[*]. From the definition of z
{pr}r in (3) and (50), one has

K K K
M/C - M/C —ar
Eis) [IP(c(zp))IP]) = % D ErsylIP(c(z)) I’ < =) 0" < pﬁ(/k k #vdk.
k=1 k=1 =
(72)
And further,
11 —2r 1
b [ weran < [RE T =0 i€ 0 Ut o)
k=1 = InK Jifr, =5 (73)
K>1 .
S (K72rp)
Combing (72), (73), and follow similar arguments that lead to (71), one has
K>l .
EisqlllPle(zg)I] < O(K™™). (74)

Letting A = ppP(c(xy)), and via similar arguments that lead to (73), one has the
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approximate slackness measure
Eis I Ple(@ ] = Eisy g 1P (el )]

K
= % > Eis,loel Ple(zr)) 1’ (75)
k=1
K>1 -
< O(K™).
Combining (71), (74), (75) and the linearity of expectation, one has

EslIVf(zg) + Vel@g) Mgl + 1P (el )| + IV Plelz )]

K>1 . rp—1 —ry+Tp max{rwy+2r,,—Tw—2ry+2r,} . (76)
< OK 2 +K 2 4K 2 + K7,

Combining with the requirements in (58), one can find an optimal choice for the orders
(ry,7p,7w) by solving the following constraint problem

min  max{r, — 1, —r, + 75,74 + 2r,, =1y, — 21, + 2r,, —27,}
(rnsTpiTw) (77)
s.t. ry >0, 7, >0, and (58) is satis fied.

In the Appendix A, one is able to transform (77) into a linear programming problem. By
calling a MATLAB solver, one obtains an optimal solution

(T7I7 Tps Tw) = (§7 %7 _%)
with an objective value of (77) being —%, meaning that when K > 1, one has
.1
EsglIVF(zg) + Vel@g) Mgl + 1P (el@ )l + INEPle(z )] < O(KT6). (78)
Equavalently, for any € > 0, when the right-hand side of (78) to be the size O(¢), one has
. 1 .
OK6)=ec+= K =0(9),

indicating that one can find an e-stochastic stationary point in at most @(6_6) iterations.
Also note that in Algorithm 1 line 4, in each iteration, only three data points are drawn.
Hence, Algorithm 1 has the same sample complexity as the iteration complexity, i.e., at
most O(e9). O

Remark 3. Let us consider when éy. = 0 and dyy = 0. One has that (23) to be

Sck+1 < (1 - Wk-i—l) SCk + 3“1%-!—15? + 12LgniESk[|lvmpk (:Ek:)HQ] (79)
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Recall the merit descent result (40)

E[Sk] [mﬁkﬂ(x’“l)}
<E(s,)[mpy. (xk)] = 5B (s, [IVmp, (20)112] + 3Lvm, 5% 17 ok (80)
+ 3L2nkpdcy, + (2°B8E + 3Ly, 5wty Eis, (1P (c(zk))[12])-

The potential function approach is as follows: assuming the existence of a sequence {ug }y

such that
1—wg41 <
Uk+1

%—%%

Then, multiplying both sides of (79)

312 % 3L2 9L2 36L2
S S < M50, — 3L2mpdlc, + ka2 4 SRR [1Tm,, (). (8D)

Uk+1 Uk+1

Sum (81) to (80) on both sides, and define

2 ~

My, = Eig[mp, (vx)] + SUL: dc, as a potential function at xy,

one has

6Ly
uki1 )

+ (27855 + 3Ly, 03c1ie o) Egsy 1P (c(z)I1°]) +

M1 < My, — (5 — ME sy [V, (26) 7] 4+ 3Lvm, 0% i ok

82
9Lawk+1 2 ( )

Ugy1 €7

Then, performing summation and telescoping cancellation for My, one can obtain optimal
choices for parameters in this case.

2.4 Proof for unifomrly boundness of {M[ }x

Lemma 5. Under Assumptions 1 — 5 and suppose inequalities (5) and (22) hold. In addition,
assume that for all £ € N, it holds

2 4 2
9%ec LE HVfL

2 2 2 2 2 2 2 .
1Pocl20ve TOLEL 1 pocy2) T 12LPocky 0y, 4050 (265 ¢ Lypoc2 +3L 1 poc) 205 4)

Nk Pk S IIllIl{ 4(9L (83)

Then, one has

JEs,1[51IP (c(ax))II”] +
2 72 ve (84)

K L—, —1
+ Vvf-e e .
o2 Nk P

EgsylzlIP(c(zer) ] < (1 -
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Proof. First, one can observe that (83) is compatible with (5) and (22) by first choosing
any p1 > 1, and then choosing a small enough 7;. Via Lemma 1 and Taylor’s expansion
on the function 1||P o ¢||? at a, one has

i) [3IP(c(as)) 7]
= By (2P (e(ar — mdi)I)
< By Pl — mP(e(an) " Velw)ds + SLypogen? |3l (%)
= s 3P (c(zi)1?] = miEis, [P(c(ar) " Ve(ar)dy] + %L||Poc||2nl?;E[Sk]HlakH2]'

Recall that dy = Vf(:nk,ﬁk) + pr[Ve(zg, E)]TP(Ck). By adding and subtracting a term,
and note that xj; depends only on x; and [Sk_1], one has

su[P(clar)) Ve(ar)dy)
sa[Ple(@r)) " Ve(zr)VF(ar, )] + pelis, [Va(an, &) P(Cr)]
_E AP(c(@r) Vel@r) V(2 0] + prBEis [P(e(zi)T Ve(ar) [Velzr, )T Ple(zi))]
+ ks [P (c(x) T Ve(zp) [Ve(ar, &) (P(Cr) — Plc(xr)))]
=E(s,[P(c(zx)) V@)V f(2r)] + prBisy [P(c(@r) " Ve(ag) [Ve(zn)] Ple(ar))]
( P(

+ o Eis [P(clar) Velan) [Va(zr, §D]T (P(Cr) — P(c(ar)))). (
86)
Note that Cy, Vé(zg, £ ,‘C] ) are independent when conditioned on zj, one has

Es,)[P(clxx)) Ve(ay) [Ve(zr, )] (P(Cr) = Ple(ar)))]
=Es, | [Es, [P(c(zx))" Ve(ar) [Ve(zr, §)IT (P(Cr) — Ple(ar)))|[Sk-1ll (87)
=E(s,)[P(c(ar))" V(@) [Ve(zi)]" (P(Cr) = Ple(zi)))]-

Combining (86) and (87). From submultiplicity, Assumption 2, Assumption 5 and Lemma
1, one has

— mkBsy [P c(@)) " Ve(ay)di]
<nkE(s, 1P (cz)) [[[Vel@) [V f (@k)]]
— MpEisy [Pc(ar) T Ve(ar) [Ve(ar)] TP le(ar))]
+ kB (s, [P (clzi)) I Ve(@p) [ Ve(z) [ IIP(Ck) — P(e(zi))|l]
<miLerv fEis [[|P(c(@i) ] = meprocBis, [P (clzx))]?]
+ LB s, [P (c(ze) HICk — (o) |l]-

(83)
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Moreover, from Young’s inequality, one has

3(nmkrvyle 2
meLenw s P < Smorod P(ee) |2 + 2V g
Nk PO
L2mprlP(cl@))ICr = e(zi)|| < gmmporovel|P(e(z))|” (89)
L 3(mprZ?)” Gk — clan) |
ANkpro, '
And recall (32) that
IV () |I? < 265 + 2L 03| P(cln)) |1
Taking the total expectation on both sides of (32) and (89), combining (85) — (88), Lemma
1 and (83), one has
s, [3IIP(c(@ri1))]’]
3k%, L2 _
< Bisy B IP(c(@o)I] = $mkpeotcEis [P (c(zi)]1%] + oL Py,
4 = 12
+ Tgvcc"?kpkE[Sk][HCk — (@)l + 3 Lypoci2 e Eis, || di ||
3K2 L?: _
< Bis, [ 1P (@)l = 3meonoseBis 1P ()P + =204 Moy
+ 5 Lypoc 2k 2B s, [ Vi, (2 [|] + 603 4
+ 6r%pR00, + 60%cpiEis, [P (c(zr))[IP)
< Esal3 P elz)I’) - énkma%c — 9L pcl2 02k Bl [P (e(wx)) | (90)

3k2
+ W cnkpk +77kpk(4 ) +3L||7>oc||2/‘fvc77kpk)5ck
+L||Poc||2nk(2HVf +2L EpkE[Sk][HP( (@) 1P]) + 3Lypoc)20% 117k
= Eis [31P(c(zi))]1?]

— 31kPk (0% — ILpoc| 200 MkPk — 6LZL)poc 2Pk Epsy [P (clzk)) |I7]

3L% 2 N
Pk (152 + 3Ly poc|2wTakAR)IC,
2 L2
+ (263 £ L poc2Mk Pk + 3L Poc|20% 1k Pk + 2 or )nkpk :
Combining with (83) which gives

0%e = IL | poc|20% Mk — OLELypoc2Mepi > 3=,

/{vaQ

IN

and QHZVfL”Poc”???kPk + 3L||’Poc||252ankpk
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one has (84) as desired.
O

Theorem 1. Under Assumption 1 — 5. When the parameters (11, p1,w1) and (ry,7,,74)
satisfies

(Tmrp’rw) = (%a %7 _%),

pr>1l, m<l, w = 72L%/<52V6n%p% and

: 1 L2 ko (91)
1p1 < min
mp {4Lw1 " BLym, k2’ 4(9L”7,OC“252VCJQF6L%LHPMH2)’
Li wysle 1 }
121 poe26%:0% . 409 (265 1 L poey2 +3L o203 f) * 12Lerve

One has the existence of a finite scalar M), < oo such that
Esy [PRlIP(c(zi)))?] < M), for all k € N. (92)

Moreover, Algorithm 1 produces an e-stochastic stationary point zz of (1) with the lower
bound worse-case sample complexity, when {E(s,; [m,, (zk)]}xen is bounded below. Specif-
ically, in at most O(e~%) number of iterations and with access of at most O(e~°) single
datapoints, x - will satisfy

Bl Vf(@g) + Vel@ ) Agl + 1P (elz )l + AL Ple(zp))I] < e,
where A = ppP(c(xy)) € R™.

Proof. We will utilize Lemma 2 and Lemma 5 here. Observe that Assumptions 1 — 5 are
assumed here and (91) implies (83), since nppr = mp1k " = gipik= /2 < mip1. Also
observe that (91) implies (49), which implies (5) and (22), as argued in Lemma 4. Hence,
Lemma 5 can be applied here. Lemma 2 can be applied here as its assumptions are satisfied
here, and the inequality (22) on which it relies holds here.

Before showing the existence of ;c in (92), one requires a few more parameters at
hand. Define scalars

K = max{5k5k§/3a %}a
16L2kp?
kpe = max{ [ 1/\2/30%;%],1%,( Ué p1)3}, (93)
) ‘ 16x2, L2
M, = maxke[kpc]{E[sk][PiHP(C(UCk))”Q]a L, UZVC |2
MS = HMpca

where 7 is defined in (25) and independent of the iterates k. The ks = [ ™ +\1/ W]} =

{ 13/ ﬁ is independent of k. Hence, x and k,. are also independent of k. Apply Lemma
2 with K = k,c > kz. Then, one has the following for all k € [k, k,c]

Eisy 07 P(c(z))|?] < Mye, and &y, < Mzk=?/3. (94)
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Next, we focus on proving the following statement by using induction, that is
Es, [ARlIP(c(@i))1?] < My for all k > kpe. (95)

The base case we consider is when the iterate k = k,., which holds by the construction
of M,.. By induction, suppose (95) holds for any k € (k,, k'] where N 3 k' > k,.. From
Lemma 2, one has (94) holds for all k& € (k,c, k'], with the same constants (M., M;) as the
base case. Dividing p? on both sides of (95) and plugging in the definition of p, one has

1
]E[Sk} [”P(C(‘rk))Hﬂ < Mpcp];2 = A:{%)C k3. (96)
From Lemma 5, (94) and (96), one has

E[sk][l\lp( (2r+1))]I7)

< ( )Es,[3lIP(clar)lI°] —~Enpy
< MP2C(1 oy.MpP1 k)_%)k_% 4 Li Ménlplk 3 + RVfL2n1k g (97)
- 2p1 UVc JVC
- c1.—3 Mpcoy,.m LZkMpem p1 vaLcnl =
— 2ppl — (e ( Uéc k73 4+ ol )k
From (93), one has
k > (16L%Hp% )3 — 4 HMan1p1k 3 S pngCm
2 g2 Ve Uy P
SN < My = T < Macglm,
UVC Uchl P1
which combining with (97) and multiplying two on both sides, gives
M. Mo, 5
Eis 1P (c(zes)) ') < Sk~ 3 - %k 6. (98)

On the other hand, applying (31) since —% < 0 and % € (0,2), for all k£ > 1. It gives

1 _1
Moty = 4 )78 = s (1) 0
> M"”k_l 1) = M”Ck_% M”Ck_% )
— pl ( - 3k) - p% - 3p% :
Since k > kp¢, one has
4 30 mp1 Mycod m Mpe
k> kpe > [1/2 302%771,011 — Srgemer g 3 s Heerwalt - g > Sk 3. (100)
Combining (98) — (100), one has
Eis, ) PR [P (cl@re)) P = Eis i 1P (e(zre)) 1] < M.
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The induction is complete.
Note that (95) implies (92). Indeed, k,. is independent of k and there are only finite
number of iterates for £ < k,., hence one can choose

M, = Jnax {Mype, Eis, [0k 1P (c(zi)) 11}
€lkpc]

such that (92) holds. As a result, the inequality (50) in Lemma 4 holds here. Moreover,

one can verify that the assumptions assumed in Lemma 4 are also assumed here, and the

requirements (91) imply requirements (49) in Lemma 4. One is able to apply the result in

Lemma 4 here, which gives the desired result.
O
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A Transforming (77) into LPs.

Introducing a dummy variable v € R and replacing strict inequalities by nonstrict in-
equalities, one is able to obtain an optimal choice for the orders (r;,7,,7,,) by solving the
following linear constraint problem, which is

min v
1,7 p,Tw,V
10 0 —1T 1]
0 2 1 -1 0
2 2 -1 —1||™ 0
st. |0 —2 0 —1| || < o],
2 2 -1 o] |™ 0
1 1 0o o]lt" 0
2 0 -1 0, 0]

rp 20,717,220, -1 <r, <O0.

By calling a MATLAB solver, one obtains an optimal value of -1/3 with a solution r,, =
2/3,1,=1/6,r, = —2/3,v=—-1/3.
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